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The Variations of Yang-Mills Lagrangian. 


Tristan Riviere* 


I Introduction 

Yang-Mills theory is growing at the interface between high energy physics 
and mathematics It is well known that Yang-Mills theory and Gauge theory 
in general had a profound impact on the development of modern differen¬ 
tial and algebraic geometry. One could quote Donaldson invariants in four 
dimensional differential topology, Hitchin Kobayashi conjecture relating 
the existence of Hermitian-Einstein metric on holomorphic bundles over 
Kahler manifolds and Mumford stability in complex geometry or also Gro¬ 
mov Witten invariants in symplectic geometry...etc. While the influence 
of Gauge theory in geometry is quite notorious, one tends sometimes to 
forget that Yang-Mills theory has been also at the heart of fundamental 
progresses in the non-linear analysis of Partial Differential Equations in 
the last decades. The purpose of this mini-course is to present the varia¬ 
tions of this important lagrangian. We shall raise analysis question such as 
existence and regularity of Yang-Mills minimizers or such as the compact- 
ihcation of the moduli space of critical points to Yang-mills lagrangian in 
general. 
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for it’s hospitality and the excellent working conditions during his stay. 
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II The Plateau Problem. 


Before to move to the Yang-Mills minimization problem we will first re¬ 
call some fundamental facts regarding the minimization of the area in the 
parametric approach and some elements of the resolution of the so called 
Plateau problem. 

Let r be a simple closed Jordan Curve in : there exists 7 G R^) 

such that r = 7(5'^). 

Plateau problem : Find a immersion u of the two dimensional 
disc which is continuous up to the boundary, whose restriction to dD^ 
is an homeomorphism and which minimizes the area 

Area{u) = / \dx^u x dx2u\ dxidx2 
Jd^ 

The area is a fairly degenerated functional : 

i) It has a huge invariance group : Diff(ZJ^), the group of diffeomorphism 
of the disc. Let be a minimizing sequence of the Plateau problem 
above, then the composition of with any sequence of diffeomor¬ 
phism of is still a minimizing sequence. The sequence can 
for instance degenerate so that o converges to a point ! 

ii) The area of u does not control the image u{D‘^) which could be uni¬ 
formly bounded while u{D‘^) becomes dense in R^ ! 

In order to solve the Plateau Problem J.Douglas and independently 
Rado minimize instead the Dirichlet energy 

Area(w) < E{u) = - [ + 1^X2'^!^] dxidx2 

the inequality comes from the pointwise inequality 

2 \d:ciU X d:,^u\ < + 1^X2^!^ 

and equality holds if and only if 

H 2 z dx^u • d^pa 0 
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This condition is satisfied if and only if the differential du preserves angle 
that is to say u is conformal. 

The Dirichlet energy E has much better properties than the area : it is 

i) it is coercive : 

\/Un s.t. hmsup^_^_^QQ£'(w^) <+00 in 

ii) lower semi-continuous 

E{Uoo) < limmfn^+ooE{un) 

iii) it’s invariance group in the domain is reduced to the 3-dimensional 
Mobius group A4{D‘^) 

M(D^) := I ^(z) = s.t. deR |a| < 1 

[ 1 — az 

Why minimizing E instead of the area has any chance to give a solution 
to the Plateau problem ? 

Let u be an immersion of the disc and denote gu the pull back of the 
standard flat metric g-^3 in : gu '■= u*g-s?. The uniformization theorem 
on gives the existence of a diffeomorphism T of the disc such that 

'^*gu = [dxl + dxl] (i.e. w o T is conformal) 

for some function A from into R. So if u minimizes E in the desired 
class we can replace it by n := w o T which is conformal and for which 

E{v) = Area(n) = Area(w) < E{u) 

hence u is conformal. Assuming now it is not a minimizer of the area, we 
would then hnd w in the desired class such that 

A{w) < A{u) = E{u) 

and taking again T' s.t. E{w o T') = A{w) we would contradict that u 
minimizes E. 
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Hence the difficulty is to find a minimizer of E in the class of im¬ 
mersions sending continuously and monotonically dD^ into F. 

One introduces 

; ueC\dD‘^,T) 

and u is monotone from dD^ ~ into F 

Fixing the images of three distinct points in dD^ in order to kill the 
action of the remaining gauge group one proves the existence of a 

minimizer oi E \n E which happens to be a solution to the Plateau problem 
(A thorough analysis is required to prove that the minimizer is indeed a 
immersion). 

II. 1 The conformal parametrization choice as a Coulomb gauge. 

As we have seen the conformal parametrizations of immersed discs play 
a central role in the resolution of the Plateau problem. In the present 
subsection we establish a one to one correspondence between this choice of 
conformal parametrization and a Coulomb gauge choice. 

Let rt be a conformal immersion of the disc D‘^ (i.e. H{u) = 0 on 
Let A G M such that 

Introduce the moving frame associated to this parametrization 

Cj := e~^ dxjU for j = 1 , 2 . 

The family ( 61 , 62 ) realizes an orthonormal basis of the tangent space of 
u{D‘^) at u{xi,X 2 ). This can be also interpreted as a section of the frame 
bundle of u{D‘^) equipped with the induced metric g-^s. 

A simple computation gives 

div (ei, Ve 2 ) = e~^^ ■ dl^u 

= = 0 
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In other words, introducing the 1 form on given by ^4 := ei • (ie 2 , 
which is nothing but the connection form associated to the Levi-Civita 
connection induced by Qu = u*g^3 on the corresponding frame bundle for 
the trivialization given by (ei, 62 ), equation (III.II) becomes 

= dfo (ei • de 2 ) = 0 (II.2) 


where is the Hodge operator associated to the induced metric g^. The 
equation (111.21) is known as being the Coulomb condition. We will see again 
this condition in the following sections and it is playing a central role in 
the mini-course. 

Vice versa one proves, see for instance |He] or [ IRilj . that for any im¬ 
mersion M, non necessarily conformal, any frame (ei, 62 ) satisfying the 
Coulomb condition (III.2p corresponds to a conformal parametrization (i.e. 
3T G Diff(D^) s.t. V := u o T is conformal and cj = \dxjV\ ^ dxjV . This 
observation is the basis of the Chern method for constructing conformal or 
isothermal coordinates. 


Ill A Plateau type problem on the lack of integra- 
bility 

In the rest of the class G denotes an arbitrary compact Lie group. We will 
sometime restrict to the case where G is a special unitary group SU{n) 
and we will mention it explicitely. The corresponding Lie algebra will be 
denoted by Q and the neutral element of G is denoted e. 

111.1 Horizontal equivariant plane distributions. 

111.1.1 The definition. 

Consider the simplest principal fiber structure P := x G where 
is the unit m—dimensional ball of MB. Denote by tt the projection map 
which to ^ = (x, h) ^ P assigns the base point x. Denote by Grm{TP) to 
be the Grassmanian of m— dimensional subspaces of the tangent bundle 
to P. 
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We define the notion of equivariant horizontal distribution of plane to 
be a map 

H : P = B^ xG ^ Grm{TP) 
i = (x, h) —> 

satisfying the following 3 conditions 

i) the bundle eondition : 

Mfe P T^P , 

ii) the horizontality eondition 

iii) the equivariance eondition 

Vie P VgeG 

where Rg is the right multiplieation map hy g on P which to any 
f = (x, h) assigns Rg{^) := {x^hg). 

III.1.2 Characterizations of equivariant horizontal distribution of plane by 
1—forms on taking values into Q. 

Let H be an equivariant horizontal distribution of plane in P = x G. 
Clearly the following holds 

= (x, h) G P VX G 3 ! X^if) G T^P s.t. 7r*X^ = X 

The vector X^(f) is called the horizontal lifting of X at 

At the point (x, e) (recall that e denotes the neutral element of G) 
we identify T(^x,e)P — TxM 0 Q. Using this identification we deduce the 
existence oi ■ X such that 

X"(x,e) = (X,-.4,-X) 
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The one form A is called connection 1-form associated to H. The linearity 
of Ax with respect to X is a straightforward consequence of the dehnition 
of and therefore A dehnes a 1-form on taking values into Q. 

For any element B E Q — T^G we denote by B* the unique vector-held 
on G satisfying 

B*{e) = B and \fg E G B*{g) := iRg),B 

and by an abuse of notation B*{g) is simply denoted Bg. Using this 
notation we have 

yf={x,h)EB \fXETxB^ 

X"(0 = {X,-{A,-XY{h)) = {Rh}.X«{x,e) 

At any point ^ E B Any vector Z E T^B admits a decomposition according 
to H : we denote by the projection parallel to onto the tangent 
plane to the vertical hber given by the kernel of tt* : 

:= Z - {lT,Z f . 

III.2 The lack of integrability of equivariant horizontal distri¬ 

bution of planes. 

A m—dimensional plane distribution H is said to be integrable if it identihes 
at every point with the tangent space to a m—dimensional foliation. 

We aim to ’’measure” the lack of integrability ot an equivariant horizontal 
distribution of planes. To that aim we recall the following classical result 

Theorem III.l (Frobenius). An m—dimensional plane distribution H is 
integrable if and only if for any pair of vector fields Y and Z contained in 
H at every point the bracket [U, Z] is still included in H at every point. □ 

In the particular case of equivariant horizontal distribution of planes in 
p _ pm X (T we have that H is integrable if and only if 

V A, y vector-helds on B^ [A^, = 0 . 
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We shall now compute [X^, in terms of the one form A. 

We write 

= [(X, -(^ • X)*), (y, -(^ • 


= [(X, 0), (y, o)](,,e) + [(X, 0), (0, -(^ • y)*)](,,e) 


(iii.i) 


+[(0, -(^ • X)*), (y, 0)](,,e) + [(0, • X)*), (0, • y)*)](,,e) 

The definition of the Bracket operation on the Lie algebra Q together 
with the commutation of the vector-held bracket operation with the push- 
forward operation of the right multiplication map gives that 

[{A ■ X)*), {A ■ Yf] = ([A-X,A- Y]y (IIL2) 


where the brackets in the r.h.s. of the identity is the Lie algebra bracket 
operation. The dehnition of the Lie bracket of vector helds gives 

[(V 0). (0, -(A ■ y)*)],,,e) = (0, - d{A ■Y)-X) (III.3) 

Finally we write 


[{X, 0),(y,0)] = ([X, y],0) = {[x, y],-a- [x, y]) + (o, x • [x,yj) (iiix) 

Combining (IIII.ll) . (IIIL2IL (IIIL3I) and (IIIL4I) gives 

[x^, yi?]v = • X) • y - • y) • X + ^([x, y]) + [^ • x, ^ • y] 


and using Cartan formula on the expression of the exterior derivative of a 
one form we obtain 


[x^, yi?]V _ y) + [^ ■ X, ^ • y] . (IIL5) 

The two form we obtained 


Fa{X, Y) := dA{X, y) + [^ • X, ^ • y] (IIL6) 

is the so called curvature of the plane distribution H and ’’measures” the 
lack of integrability of H. It will be conventionally denoted 

Fa = dA + ^ [^4 A ^4] or simply Fa = dA + ^4 A ^4 . 

Zu 








The Lie algebra, and hence the compact Lie group, is equipped with the 
Killing form associated to a hnite dimensional representation, hence uni¬ 
tary, for which the form dehnes a scalar product invariant under adjoint 
action. For instance Q = o(n) or ^ = u(n) 

< B,C >= - Tt(BC) . 

If the Lie algebra Q is semi-simple : it is a direct sum of Lie algebras with 
no non trivial ideal, the Lie algebra is equipped with the Killing scalar 
product : 

<B,C >:= -Tr(ad(5) ad(C)) 

where ad{B) is the following endomorphism of Q : 8id{B){D) := [B,D]. 

The Lagrangian we are considering for measuring the lack of integrabil- 
ity of the plane distribution H is just the norm of the curvature 



where dx^ is the canonical volume form on B^. The norm of the 
curvature is also known as being the Yang-Mills energy of the connection 
form A and is denoted YM{A). We can now state the main problem this 
mini-course is addressing. 

Yang-Mills Plateau Problem : Let rj be a 1-form on dB^ taking 
values into a Lie algebra Q of a compact Lie group G does there exists a 
1-form A into Q realizing 

inf \yM{A) = [ \dA +AaA\‘^ dx^ ; = r] 

I Jb^ 

where iQB-^ is the canonical inclusion of the boundary dB^ into 

In other words we are asking the following question : given an equivari- 
ant horizontal plane distribution over the boundary of the unit ball in 
can one extend it inside the ball in an optimal way with respect to the Lf 
norm of the integrability defect. 

In order to study this variational problem we hrst have to identify it’s 
invariance group. 
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III.3 The Gauge Invariance. 

In this subsection we identify the group of the Yang-Mill Plateau problem 
corresponding to the diffeomorphism group of the disc for the area in the 
classical Plateau problem. 

Let be a map from into G. We denote by Lg-i the left multiplica¬ 
tion by g~^ defined as follows 

Lg-i ; P = xG — > P 
^=[x,h) —> {x,g~^h) 

Let H be an equivariant horizontal distribution of planes on P we ob¬ 
serve that the push-forward by Lg-i of iL, (Lg-i)*iL, is still an equivariant 
horizontal distribution of planes. We now compute the connection 1-form 
associated to this new distribution. 

Let X be a vector of T^B'^ and x{t) a path in B^ such that x(0) = X. 
Let h{t) G G such that f{t) := {x{t),h{t)) is the horizontal lifting of x{t) 
starting at the neutral element e of G (i.e. f = {x)^{f{t)) and ^( 0 ) = 
(x, e)). Since xi = 0 we have in particular 

%) = -A-X 

dt^ ^ 

The push forward by Lg-i of the horizontal vector (x, e) is the horizontal 
lifting of X at {x,g~^) for the distribution {Lg-i)^H : {x^ g~^). 

Hence we have 

5 -I) = e) = -A ■ X) 

= f p{i),fl“V(i)) = (X,dg^' ■ X - g-' A ■ X) 

= (X,-(g-'dg-X+g-'A-Xg) g-^) 

= (X,-(g-'dg-X+g-'A-Xgy(g-^)) 

Hence we have proved that the horizontal lift at (x, e) for the new plane dis¬ 
tribution {Lg-i)^H is (X, — [g~^dg ■ X + g~^ A - X g)') and the associated 
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connection one form associated to the distribution {Lg-i)^H is 

= g~^dg ■ X + g~^ A ■ X g 

The curvature associated to this new distribution is given by 

Fa.{X, Y) = dA^X, Y) + [A3{X),Aa{Y)] 

We have in one hand 

dA%X, Y) = dg-^ A dg{X, Y) + [dg-^ g A g-^Ag] (X, Y) 
and in the other hand 

[A!i(X),A‘'(Y)\ = [g-^dgAg-^Ag](X,Y)+ 9 -\A(X),A{Y)]g . 

summing the two last identities and using the fact that g~^dg + dg~^g = 0 
gives finally 

Fa 9 = g~^ Fa g 

Since the Killing scalar product on Q is invariant under the adjoint action 
of G we have 

YM{A3) = YM{A) 

The action of Lg-i on the plane distribution H leaves invariant it’s Yang 
Mills energy and realizes therefore a ’’huge” invariance group of the Yang- 
Mills Plateau Problem which is called the Gauge group of the problem. 

Exactly as for the classical Plateau problem we discussed in the first part 
of the mini-course the task for solving the Yang-Mills Plateau problem will 
be to ’’kill” this gauge invariance and, here again, the Coulomb Gauge 
choices will be of great help. 

III.4 The Coulomb Gauges. 

We first start with the simplest group, the abelian group G = S^. The 
Yang-Mills Plateau problem in this case becomes : 

Find a minimizer of 

inf <YM{A)= [ IdAl"^ dx^ ; Cg^mA = g 

I Jb^ 
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where rj is some given 1-form on the boundary dB^. 

In a reminiscent way to the classical Plateau problem our starting func¬ 
tional is degenerate and we shall replace it by a more coercive one 


YM{A) < E{A) = [ \dA\‘^ + \d*A\^ 

J 


dx 


m 


with equality if and only if d*A = 0 (i.e. A satishes the Coulomb condition). 
The following coercivity inequality holds 


V.4 e g) s.t. L‘gg„,A = -q 


m 


fRr 


\A\^ + Y, \d„A,\Ux'-< C [e{A) + \\q\ 

i,j=^ 




(111.7) 


for some hxed constant independent of 77 and A, where is the 

fractional trace space of W^'^{B'^). The convexity of E in W^'’‘^{iAB'^^Q) 
together with the previous coercivity inequality implies that the following 
problem admits a unique minimizer 

min E[A) 

and it is the unique solution of the following system 


' d*dAQ = 0 in V\B^) 
< d*.4o = 0 in V'{B^) 

< = h 


The components of A are harmonic in B^ and are therefore smooth more¬ 
over we have 


YM(Ao) = E(Ao) 


Let now B in W^^‘^{AB'^,Q) we claim that there exists a gauge change g 
such that YM{B) = YM{B^) = E{B^). This can be seen as follows. Let 
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(f be the solution of 


I —Aip = d*B in 
1 ^ (yi? = 0 on dB^ 

Hence we have 

d{B + d(f) = dB in T)'{B'^) 

< d*{B + dip) = {) m.T)'{B^) 

^ LdB^{B ^d<^) = r] 

Taking g := exp{i(p) we have YM{B) = YM{B^) = E{B^). 

Hence Aq realizes 

min YM{A) 

Indeed if there would be H G g'^ y M{B) < Y M{Aq) 

we choose g such that YM{B^) = E{B^) and we would contradict the fact 
that Aq minimizes E. 

Taking now a general compact Lie group G we would also like to propose 
to minimize E instead of TM but we need hrst ensure that a Coulomb 
gauge always exists. We have the following lemma which answers positively 
to this last question 

Lemma III.l. Let A G L‘^{A^B'^, Q). The following variational problem 


inf 

g€WY{B^‘ 



dg Y g ^Ag\^ dx^ 


is aehieved and eaeh minimizer satisfies the Coulomb eondition 


d*{g ^dg + g ^Ag) = 0 


□ 
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Proof of Lemma IIII.IL Let gk be a minimizing sequence. Since the 
group is compact we have that 


lim sup 

fc —>-+00 



\dgk\^ dx^ < +00 


Hence, using Rellich Kondrachov’s theorem there exists a subsequence gk' 
converging weakly in G) to g^^ and strongly in every G) 

space for any p < +oo hence goo £ G). The same holds for g'j^^ 

and it’s weak limit in G) is the inverse of goo- Hence we have 

Ok^dgk + gk^Agk g^dgoo + g^Agoo in V'{B^) 


The lower semi continuity of the norm implies that goo is a minimizer 

of mm . 

For any U G G^{B^, Q) we introduce 


9oo{t) ■= 5'ooexp(tf/) 


We have 

gdo\t)d9do\t) + 9do\t)^9oo{t) = exp{-tu)dexp{tu) 

+ exp(-t U) [gd^dgoo + gdo^Agoo] exp(t U) 

Hence 

^ [9^Hi)dgdo\i) + 9do\i)d^9oo{t)] =dU - [U, 

Since goo is a minimizer we have 

0 = ^ f = 2 f {{dU - [U, A^^]) ■ A3-) dx^ 

We use the identity < [f/, H], VF >=< f/, [H, VF] > to deduce that 

\U, = 0 

and then we have proved that for any U £ Gq^{B^, Q) we have 

0 = / dU-A9^dx^=f < U, d*A9°^ > dx^ 

J J B'"' 
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This finishes the proof of the lemma. □ 

Since every connection form posses a Coulomb Gauge representative it 
is then tempting to minimize E instead oiYM following the main lines of 
the abelian case. However due to the non-linearity A A A in Fa it is not 
clear whether the E energy controls the norm of H in a similar way 
of (IIII.7P in the general case. 

In fact the answer to that question is ”no” as we can see in the fol¬ 
lowing example. We take G = SU{2) and we identify su{2) with the 
imaginary quaternions. On we identify canonically the point of coordi¬ 
nates (xq, a;i, X 2 , X 3 ) with the quaternion x := xq + i + X 2 j + X 3 k. For 
a quaternion y = 2/0 + 2 /i i + 2/2 j + ?/3 k we denote by A{y) the element in 
su{2) given by yi ai + 2/2 (^2 + 2/3 c ’'3 where Oi are the Pauli matrices to which 
we identify i, j and k 


1 ^ (Ji 



J ^ Cr2 



k ^ 0-3 = 



forming an orthogonal basis of su{2) with norms \/2 for each vector of the 
basis. 

On for A G R^, we consider the family of one forms into su{2) given 
by 

2 ^(xdx) 

•= A 2 I 12 

1 + |xp 

The corresponding curvature is given by 

2 dx A dx 

= A 


(1 + A^ 


One easily verihes thaf 0 

lim f \FAxf = f \FA^f dx^ = f 


48 


dx^ 


(1+ |x|2)4 


= Stt^ < +00 


^ The somehow surprizing factor 48 comes from the fact that there are 6 curvature coordinates and 
each curvature coordinate has the form 

8 

(TTRFF 

where we have used that the square of the norm of each Pauli matrix is 2. 
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but one verifies also that 


lim [ 'Y' \diJA>.}jf fix'* = +oo 
A^+cc Jb> 

we might then think that by changing the gauge we can avoid this blow up 
of the norm of the connection form but, as we see now, this cannot 
be the case. Consider the second Chern form Tr{FA^ A Fa^)^ it satishes 

lim Tt(Fa^ a Fa^) = dx'^ (III.8) 

A-)-+oo 

The second Chern form is invariant under gauge transformation and for 
any choice of Gauge g this 4—form, which has to be closed, is on the 
exterior derivative of the transgression form known as the Chern-Simon 
3-form : 

Mg ^ SU{2) 


Tr{FA, A FaJ = d 
Assume now there would have been a gauge gx s.t. 


1 


TviAi^dAl + -Al/\[Ai,Ai] 


lim inf ||A^^|| < +CXD 

A —>-+00 

Then for some sequence ^ +oo, using Rellich Kondrachov theorem 
:= would weakly converge to some limit in 
and strongly in L^(A^R^, su{2)) for any p < 4. Hence 


Tr (a^ a dA^ + ^A^ A [A\ A^] 


Tr A dA'^ + ^A^ A [A'^, A"^] 


in FfB^). Taking now the exterior derivative and using again the gauge 
invariance of the second Chern form we obtain 

Tr(F^,^ A FaJ - Tr(F^oo A FaJ in V'{B^) 

Since A°° is in the 4-form Tr(FAoo A FaJ is an function, however, 
from (IIII.8I) it is equal to the Dirac mass. This gives a contradiction and 
we have proved the following proposition 
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Proposition III.l. There exists G sw(2)) sueh that 


limsup / dx'^ < +00 

k^+oo J B'^ 


but 

liminfinf i [ \dx.{A^y-\‘^ dx^ ; g G , SU{2)'\ = +oo 


□ 


Hence by minimizing E instead of PM we don’t get enough control on 
the minimizing sequence A^ in order to extract a converging subsequence 
to a solution to the Yang-Mills Plateau problem. 

The situation would have been much better in dimension less than 4 
where a control of A in terms of E(A) do exist. In dimension equal 
to 4, despite proposition IIII.ll there is still a positive result in that line 
which says roughly that such a control do exist for some gauge provided 
the Yang-Mills energy stays below some positive threshold. The following 
section is devoted to the proof of this result by K.Uhlenbeck. 


IV Uhlenbeck’s Coulomb Gauge Extraction Method 

IV. 1 Uhlenbeck’s construction. 


We have seen that in dimension 4 - and higher of course- there is no hope to 
control the norm of sequences of connection forms from the E energy. 
The fact that the dimension 4 is critical for this phenomenon comes form 
the optimal Sobolev embedding 


which does not hold in higher dimension. 


Theorem IV. 1. Let m < 4 and G be a eompaet Lie group. There exists 
£g > 0 and Cg > 0 sueh that for any A G Q) satisfying 



\dA T A A dx^ < £g 


5 
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there exists g G such that 


/ 


< 




\dA + ^4 A A\^ dx^ 


d*A3 = 0 inB^ 


(IV.l) 


, 4b™ (*^^) — 0 

where A^ = g~^dg + g~^Ag and 193 ^ is the canonical inclusion map of the 
boundary of the unit ball into □ 


For m < 4 the non linearity ^4 A ^4 is a compact perturbation of dA 
and the problem is a perturbation to a simple linear one that we solved in 
the abelian case. We will then restrict the presentation to the case m = 
4. We assume that the compact Lie group is represented by a subgroup 
of invertible matrices in for some n G N* which gives an isometric 
embedding of G in an euclidian space. 

We aim to solve the Coulomb equation d*A^ = 0 keeping this time a 
control of A^ in (lemma [III. II was only giving an control). Since 

we have little energy the hope is to use a hxed point argument close to the 
zero connection and for g close to the identity. The linearization of the 
Coulomb non-linear elliptic PDE 


d* [g ^ dg] = — d* [g ^Ag^ in B^ 


for A^ = 


^gg~^ = - < A, dr > 

on dB'^ 

exp{t U) gives 


AU = -d*dU = d*u 

in B^ 

drU = — < UJ,dr > 

on dB'^ 


This linearized problem is solvable for any map u G W^’‘^{B'^,Q) and we 
get a unique U G Q) solving the previous linear equation. 
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However, in order to be able to apply the implicit function theorem we 
need the following non-linear mapping to be smooth 


(w, U) —> {d* dgu + g^^^gu] , drgugu^- < >) 

where gjj := exp(17). This is however not the case in dimension 4. This 
is due to the fact that does not embed in in 4 dimension but only 
in the Bounded Mean Oscillation space BMO{B^) hence simple algebraic 
operations such as the multiplication of two G valued maps is not 
continuous in 4 dimension. 

If one replaces however x py ^ ’’slightly smaller space” Vb^’^ x 
Vb^’^ for any p > 2 {p being as close as we want from 2) then the space 
Pb 2 ,p gj^pgpg continuously (and compactly) in and the map becomes 
sudently smooth ! and a hxed point argument is conceivable in this smaller 
space. 

Uhlenbeck’s strategy consists in combining a hxed point argument in 
smaller spaces - in which the problem is invertible - together with a conti¬ 
nuity argument. 

This method is rather generic in the sense that it can be applied to crit¬ 
ical extensions or lifting problems of maps in the Sobolev space 
which misses to embed in but for which however the notion of homotopy 
class is well dehned (see jSU] and jWh] ) and prevents to hnd global exten¬ 
sions or liftings when the norm of the map is too high. As an illustration 
we shall give two results. 


Theorem IV.2. For any m > 1, and any compact Lie group G there exists 
£m,G > 0 and Gm,G > 0 such that for any map g E Vb^’^(S'™, G) satisfying 


\dg\^ dvolsm < £m 




there exists an extension g E G) equal to g on dB'^'^^ such 
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that 




\dg\^ dvolsm 


□ 


Remark IV.1. The existence of such an extension g G ^G) 

is clearly not true for general g G S'^). Indeed, consider for 

instance m = 3 and G = SU{2) ~ S^, if such an extension would exists 
one would have using Stokes theorem. 


0 = 



1 

4 


/ 9 *dvolsu{2) 
Js^ 



5 


where deg{g) is the topological degree of the map g which is not necessarily 
zero. □ 


Theorem IIV. 21 is proved in [ IPR,2j using Uhlenbeck’s method. The 
example is the following one 




Theorem IV.3. Let P be a G principal bundle over where G is a 
compact Lie group and where tt is the projection associated to this bundle. 
There exists Sm^G > 0 and Gm,G > 0 such that for any g G S^) 

satisfying 


\dg\'^ dvolsm < £m,G 


S '” 


there exists v G P) such that 


and 



dvolsm < G,nfi 



\dg\^ dvolsm 


7T o V = g 


□ 


Proof of theorem IIV. 11 

Fix some 2 < p < 4. For any s > 0 we introduce 

W := G G) s.t. J \Fa\‘^ dx'^ < £ 
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and for any £ > 0 and C > 0 and we consider 


{ A s. t. 3 G G) ) 


vh--= < 


/ \dAX^,dx^<C \FXdx^ 

'b* Jb* 

[ ^<c/ \FXdx^ 

'b* Jb* 

d*j[9 = Q ^ = 0 


The first goal is to show the following 

Claim 

3£>0 C>0 s.t. Vl^ = W 

In order to prove the claim we shall establish successively 


1 - The set W is path connected. 

2 - The set is closed in W for the topology 

3 - For £ > 0 chosen small enough and C > 0 large enough the set is 

open for the topology 


Since Vq is non empty, this will imply the claim 1 for this choice of £ and 
C. 

Proof of the path connectedness ofW. For A in and t G [0,1] we define 
the connection form A^ to be the image of A by the dilation of rate t~^ : 
A^ = t Aj(t x) dxj. We have in particular 

4 

F^t = t^ '^{Fa)ij{x) dxidxj 
*j=i 


hence 



\FaX dx'^ 



\Fa\^ < £ 
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and 


/ dx^ = (IV. 

/i?4 

This shows that in one hand G W for any t G [0,1] and that in the 
other hand ^4^ —)■ 0 strongly in Hence is a continuous path 

contained in W connecting A and 0 which prove the path connectedness 
of 

Proof of the closeness ofVf, in W. 

Let A^ G V(j and assume A^ converges strongly in to some limit 
G W. We claim that G V^. 

Since A^ A°° strongly in dA^ —)• dA°° strongly in IP and, using 

Sobolev embedding, A^ —> A°^ in L^pA~p, Hence, due to the later. 



A'^ A A'^ ^ A°° A strongly in 


We have chosen 2 < p < 4 in such a way that p < 2p/4 — p. Hence we 
deduce that 

Fj^k —> F^oo strongly in . (IV.3) 

Let be a sequence such that 



\d(AY\‘A 



dvols'^ 


for g = 2,p and 

F(H^)V = 0 and 4^4 * (H^V = q 


(IV.4) 


(IV.5) 


Since both d(H^)V and are uniformly bounded in and since 

there is no harmonic 3-forml^ on whose restriction on the boundary is 

^Assume S is a 3 form satisfying dB — 0 and d*B on B^ and ig^iB — 0 then *B = dip, B = dfi and 
L*gBih = dC. With these notations we have 




dp A dip 



dC A = 0 


hence B = 0. 
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zero, classical L^-Hodge theory (see for instance jIMj ) infers that is 

uniformly bounded in So, using Sobolev embedding, it is in particular 

bounded in L'^p/'^~p and since = {gY~^dg^ + {gY~^A^g^^ using that 

is bounded in and hence in L'^pA-p^ we deduce that dg^ is bounded 
also in L^pA-p_ Since 4 < 4p/4—p, there exists a subsequence g^' converging 
strongly to some limit g°^ in C^. Going back to the weak convergence 
of (^4^)^ in the strong convergence of A^ in Vb^’^^ and the weak 

convergence of g^ in W^dvl^-p deduce that 

dg>‘= ggAy - A>‘g’‘ 

is uniformly bounded in Vb^’^' and therefore g^' g°° weakly in Vb^’^(5'^, G). 

Thus we deduce that the following weak convergence in holds 

{/)-'(£/ + (/V'v-'y' - . 

Combining (IIV.3P and the latest weak convergence we deduce that 


/ IdiA^Y^lUx"^ <C \Fa^\^ dx^ 
for g = 2,p and, using the following continuous embedding of 


(IV.6) 


we have 

d\A^Y^ = {) and (IV.7) 

So we have proved that A°° fulfills all the conditions for being in Vfj. 
Proof of the openness ofV^. 

Let A be an element of V^. It is clear that if we hnd in an open 
neighborhood for the Vb^^—topology of the Vb^^ Coulomb gauge ^4^, then 
A posses also such a neighborhood. So we can assume right away that 
d*A = 0 and ^ = 0. 

We are looking for the existence of 4 sufficiently small - possibly de¬ 
pending on ^4 - such that for any lj satisfying ||cj||wi.p < 6 there exists g 
close to the identity in Vb^’^—norm such that 

d* [g~^dg + g~^{A + to) g] =0 and igB^^ * (^ + oj)^ = 0 
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To that purpose we introduce the map 

A/"^ : g) X g) —> LP{B\ g) x W^-^^P^P{dB\ g) 

{u,U) —^ {d*[g^^dgu + gu^iA + uj)gu], idB^^iA + uY^) 


where gu := exp(?7). We have seen that this map is smooth. 
The derivative of along the U direction at (0,0) gives 


(IV. 8 ) 


duAf^iO, 0) • y = {-AV + [A, dV],drV) . 
where A = 1 ^ 1 = 15 ^ 2 - 

Using Calderon Zygmund Lp theory (see for instance [St] or [GT] ) we 
have the following a-priori estimate for any V satisfying J ^4 V dx'^ = 0 

ll^llm 2 .p(B 4 ) A c [IIAU||/,p( 54 ) + || 5 rU||^i-i/p,p( 554 )] 

< c [nacAA-^o.o) ■ i/||^+ |i[4di/]||„,B4)] 

<c [||acV'^(o,o)-y||^ + cp||i4,B4) \\dv\\ L4p/4-p(^4)] 

where B is the hyperplane of Lp{B‘^^ g)xW 1 made of couples 

(/, g) such that 

/ f{x) dx^ = - / g{y) dvolgB^ 

JB^ JdB^ 


From the fact that A G we deduce that || A ||/,4 < (^4 VC~£ where C 4 is 
the Sobolev constant coming from the embedding into L'^(B^) of closed 3 
forms on B^ with adjoint exterior derivative in and whose restriction to 
dB'^ is zero. Hence for any V with average zero on we have 


II^IItv2’P(b 4) < c [\\duJ\f'^(0, 0) • V\\j: + cC/^y/C s ||dU||^4p/4-p 

Using again the embedding of g) into g) and 

denoting Cp the corresponding constant, we have then 


[l-cC 4 V^ Cp] ||U|| m2.p(B4) < c ||5c/W^(0,0)-U| 
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Having chosen £ such that cC/^yCe < 1/2 we have that 

has zero Kernel. A classical result from C alder on-Zymund theory (see 

m) asserts that 

C : Q)^T 

V —> {-ISV.drV) 

is invertible and hence has zero index. By continuity of the index the maps 

Lt : Q)^T 

V (-AK + t[A, dV],drV) 

has also zero index and since jCi = 0) has trivial kernel it is 

invertible. So we can apply the implicit function theorem and there exists 
^ > 0 together with an open neighborhood O of 0 in the subspace of 
Wq Q) with average 0 on B^ such that 

Vw G satisfying < 6 

3 ! 14 G (!) s. t. A/'^(14, cj) = 0 and / 14 = 0 

Jb* 

and O can be taken smaller and smaller as <5 tends to zero. We denote 
:= exp( 14 ). 

It remains to establish the control of the norm (resp. norm) of 
d{A + uj)^‘^ in terms of the norm (resp. norm) of Fa+uj- 
The Coulomb gauge {A + satisfies for g' = 2 and q = p 

\\d{A + 0;)^“ 14? 4 llTd+wlUp T IIT A (A + uj )^‘^\\lp 


We have 


II (A + c<.;)^‘^|44 < C 4 ||dA|42 + ||i^||l4 + 

Using the fact that A is the Coulomb gauge whose norm is controlled 
by the norm of Fa - which is assumed itself to be less than £ - by taking 
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E small enough - independently of ^4 - by taking 6 small enough - depending 
possibly on ^4 - which ensures in particular that ||d5^u;||L4 is sufficiently small, 
and by using the embedding of closed forms with L® exterior co-derivative 
and whose restriction to dB'^ is zero into since = 0 and 

+ ujY = 0 we have established that 

\\d{A -\r UjY^^Wlq < 11 id4+a; 11 L? + 2 ^ ||(i(74 + 


This implies that A + u fuffills the conditions for being in Vfj for and u 
satisfying ||a;||^i,p < 5 where 5 has also been taken small enough in such a 
way that < e. This concludes the proof of the openness of with 

respect to the topology for well chosen constants e > 0 and C > 0 

and this concludes the proof of the claim. 

End of the proof of theorem \IV.1 . 

With the claim 1 at hand now, we are going to conclude the proof of 
theorem IIV.II 

Let A E Q) such that /^4 dvols^ < £■ Since C°° is dense 

in there exists W a family of smooth 1—form on into Q converging 
strongly to A in as t goes to zero. Using again the embedding of 
into we have the existence of to > 0 such that 


V t < to / dvols^: < E . 

J 

Thus A^ is in W and, due to the claim 1, it is also in Vq. Let such that 
d*{A^y^ = 0 with 



dx^ A C f dx^ 

J 


Again, since there is no non-trivial closed and co-closed 3—form on the 

previous identity implies that [A^Y is bounded in Lk^’^ and then in 
too.The approximating connection one forms A^ are converging strongly 
to A in Vk^^ and hence in thus d(gY is bounded in We then 
deduce the existence of a sequence t^ —> 0 such that converges weakly 
in Lk^’^(5^,G) to some limit g^. Using Rellich Kondrachov compactness 
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theorem converges strongly to in Lp{B^) for any p < +oo and hence 
g^ is also taking values in G since we have almost everywhere convergence 
of the sequence. Using the previous convergences we deduce hrst that 

+ {gy~^Ag^^ {g^)~^ dg^ + {g^)~^Ag^ in V'{S^) 

This implies that d*{{A)^°) = 0. Since both and {A^)^* are bounded in 
lU^’^ and since g^ is bounded in using 

dy = gyAY-Ay 

we deduce that g^ is bounded in lU^’^ and hence the trace of g^’^ weakly 
converges to the trace of g^ in Qy gg we can pass to the limit 

in the equation * YA ^ = 0 and we obtain 

L*QBi * {AY = 0 

Finally since Fa* is strongly converging to Fa in using also the lower 
semi-continuity of the norm together with the weak convergence of 
towards A^° we have 

f \d{A^°)\i,dvols^<C f IFAdvols^ . 

J *J 

This concludes the proof of theorem llV.li 

IV.2 A refinement of Uhlenbeck’s Coulomb Gauge extraction 
theorem. 

This part can be skipped in a hrst reading. 

We have seen that Uhlenbeck’s result is optimal in the sense that without 
assuming anything about the smallness of the Yang-Mills energy there is 
no hope to obtain a gauge of controlled energy. One might wonder 
however if the smallness of the B norm of the curvature is the ultimate 
criterium for ensuring the existence of controlled Coulomb Gauges. The 
answer is ”no” and one can very slightly reduce this requirement. Recall 
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the notion of weak quasi-norm. We say that a measurable function / 
on is in the weak space if 


I/I 


2,00 


-I 1/2 

sup |{x e ; \f{x)\ > a]\ < -|-cxd 

a>0 


where | • | denotes the Lebesgue measure on B^. This quantity defines a 
quasi-norm which is equivalent to a norm (see for instance [ IGrlj ) that we 
denote || • || 2 ,oo- The weak space equipped with || • || 2 ,oo is complete and 
define then a Banach space denoted called also Marcinkiewicz weak 
space or also Lorentz weak Lp‘ space. It is larger than L^. Indeed, for 
any function / G we have 


I/I 


2,00 < sup 

a>0 


;\f\{x)>a 


\ff‘{x)dx < / \ff{x) dx 



2 

2 


It is strictly larger than : the function f{x) := \x\~'^^‘^ is in 
but not in L‘^{B^). It is also not difficult to see that Ld^°°[B'^) ^ L'p{B'^) 
for any 1 < p < 2. More generally we dehne the space of measurable 
functions / satisfying 


|/|g,00 


- 1/9 

sup |{x G B^ ; \f{x)\ > (a}| < +oo 

a>0 


This dehnes again a quasi-norm equivalent to a norrro if g > 1. So it is 
a space which ’’sits” between L^{B'^) and all the Lp{B'^) spaces for any 
p < q. This is a space which has the same scaling properties as but 
has however the big advantage of containing the Riesz functions 
which play a central role in the theory of elliptic PDE. As we will see later 
the space has also the advantage of being the dual of a Banach 

space, the Lorentz space L^'d(^B^) of measurable functions / satisfying 


|{x ; l/Kx) > da < Too (IV.9) 


^This is not true for q = 1, the space weak cannot be made equivalent to a normed space - 
unfortunately, otherwise the analysis could make the economy of Calderon Zygmund theory and a major 
part of harmonic analysis that would sudently become trivial....! 
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where Ijq' = 1 — 1/q (see [ IGrl] ). This later space has very interesting 
’’geometric” properties that will be useful for the analysis of Yang-Mills 
Lagrangian as we will see below. 

We have the following theorem 


Theorem IV.4. Let m < 4 and G he a eompaet Lie group. There exists 
£g > 0 and Cq > 0 sueh that for any A G Q) satisfying 

sup |{x G ; \Fa{x)\ > ojl < eq , (IV.10) 

a>0 


there exists g G such that 

4 


[ \A9\^^^\d^A^/dx^ <Gg [ IdAFAAAfdx^ 
Jb^ *,j=i * 


d*A9 = 0 


in B 


m 


(IV.ll) 


, 4s™(*^^) — 0 

where A^ = g~^dg + g~^Ag and lqb^ is the canonical inclusion map of the 
boundary of the unit hall into Moreover we have also 


E < Cg \\Fa\\1 


The weakening of the smallness criterium by replacing small L^ by 
the less restrictive small condition for the existence of a controlled 
Coulomb gauge has been hrst observed in |BR,] . This was a very pre¬ 
cious observation for the control of the loss of energies in so called neck 
annular regions in the study of conformally invariant problems such as 
Willmore surfaces or also Yang-Mills Fields as we will see below. The esti¬ 
mate (IIV.IOI) comes naturally from the e—regularity property which holds 
in neck regions. 


Proof of theorem IV.4 
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It follows exactly the same scheme as the proof of theorem IIV.4I but we 
will need to use interpolation spaces between and ^^0 Lorentz 
spaces and some of their properties. 

Let 2 < p < 4 and 

w := {.4 e g) s.t. < e 

and for any £ > 0 and C > 0 and we consider 

' AeW s. t. 3ge G) ' 


V^:= <! 


/ IdAPlPdx'^FC 

/ XaI-cIx* 

Jb* 

Ib^ 

f dx'^ < C 

f \FAfdx* 

Jb'^ 

Ib^ 

||2.oo(54) < C |Fa ||2.oo(54) 

d*AP = 0 and 

LdB^ ^ A^ = 


The hrst goal is to show the following 

Claim 

3£>0 ^>0 s.t. % = W 

The proof of the claim is again divided in 3 steps. 

Proof of the path connectedness ofU^. For A in and t E [0,1] we dehne 
the connection form A^ to be the image of A by the dilation of rate t~^ : 
A^ = t Ajitx) dxj. We have in particular 

4 

F^t = t^ '^{FA)ij{x) dx^dxj 
4j=i 

hence \FAt\{x) = t^ |F^|(tx) and 

\FAt\Lr^{B^) = |^a|l2,00(^4) < |Fa|^2,00(^4) < £ 
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and 0 this path connects ^4 to 0 in the topology due to (IIV.2I) . Hence 
this concludes the proof of the path connectedness of W. 

The proof of the closeness of Vf, in W is identical to the proof of the 
closeness of in W. 

Proof of the openness ofVf; in . 

We consider the map dehned by f llV.HIi . We reca 1]@ the dehnition 
of the space where 1 < g < oo and 1 < s < +oo. A measurable 

function / on belongs to if 

l/s 


\fLs ■■= 




< +00 


(IV.12) 


where f*{t) is the decreasing rearrangement function associated to /, de¬ 
hned on and satisfying 

Vrr > 0 |{t > 0 ; f*{t) > (a}| = |{x G ; \f\{x) > a]\ 

This dehnes again a quasi-norm equivalent to a norm for which the space 
is complete (see jGrlj ). One verihes that the space dehned by 

(IIV.9I) coincides with the space given by (IIV.12I) for s = 1. One ver¬ 
ihes also that = L^{B^) and that for any q G (l,+oo) and 

any 1 < s < cr < +oo we have L^^^{B'^) ^ We have also 

that \/q < r and Vt, s G [l,oo] the following continuous embedding holds 
LP'^{B'^) ^ L^'’^{B'^). The following multiplication rules holds and are 
continuous bilinear mappings in the corresponding spaces with the corre¬ 
sponding estimates 




(IV. 13) 


where r~^ = p~^ + q~^ and + 1~^ = and where 1 < p^q < +oo such 
that r > 1 and 1 < s,t A oo such that 1 < cr < +oo. In particular we 
have for any 2 < p < 4 

(IV. 14) 


phoo . ^ pp 


^This last inequality illustrates what we meant at the beginning of this subsection by L^’°° has the 
same scaling properties as Lp'. 

®For a more thorough presentation of the Lorentz spaces and it’s interaction with Calderon Zygmund 
theory in particular the reader is invited to consult the first chapter of |Grlj as well as |SW] or |Ta] . 
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Before to move on with the proof of theorem IIV.4I we shall need a last tool 
from function theory : the improved Sobolev embeddings (see [Taj). 

1 < p < m the following embedding is continuous 


For 




(IV.15) 


and more generally for any t G [1, +oo] 

^ L^p\B^) (IV.16) 

where denotes the space of measurable functions on B^ with 

distributional derivative in the Lorentz space 

Proof of openness of continued. Using Calderon Zygmund theory 
we have the following bound 

||^||m2.P(B4) < C [IIAU||2 ,p(s 4) + ||c^rU||^i-i/p.p('554)] 


< C [||a(/W{0,0) ■ v\\j. + \\[A,dV\\\mB4 


< c [||(9[/AA'^(0, 0) - V\\b + c 11 A|| 7^4,00(^4) ||dU||2,4p/4-p,p(-^4)] 

where B := W^'P{B'^., Q) x W^~^/P^P{dB^., Q). From the fact that ^4 G we 
deduce that ||74||i^4.oo < C/^yCe where (74 is the Sobolev constant coming 
from the embedding into L^{B^) of closed 3 forms on B^ with adjoint 
exterior derivative in LS and whose restriction to dB'^ is zero. Hence for 
any V with average zero on B^ we have 

Il^llm2-p(s4) < c [\\duJ\f^{0, 0)-U||jr + c(74\/(7 £ ||dU||2,4p/4-p,p 

Using again the embedding (IIV.15I) and denoting Cp the corresponding 
constant, we have then 

[l-cC4\/(^Cp] ||1/|| W^.p{By A C liacTV-^O.oi-yii^ 

Having chosen e such that c (74 V(7 £ Cp < 1/2 we have that duJ\f^{0,0)^ 
which is again a Fredholm operator of index zero, has a trivial kernel and 
is hence invertible. 

The rest of the proof is completed by easily transposing to our present 
setting each argument of the case of small Yang-Mills energy which was 
detailed in the previous subsection. 
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IV.3 Controlled gauges without small energy assumption. 


One might wonder why a control is wished and why one could not give 
up a bit our requirements and look for some control of a ’’weaker norm”. 
This is indeed possible, together with Mircea Petrache fPR2j . the author 
proved the existence of global gauges whose norm is controlled by 
the Yang-Mills energy which is not necessarily small. Precisely we have. 


Theorem IV.5. Let {M^^g) be a riemannian A-manifold. There exists a 
function f : MA —)• R+ with the following properties. 

Let V be a connection over an SU{2)-bundle over M. Then there 
exists a global section of the bundle (possibly allowing singularities) 

over the whole such that in the corresponding trivialization V is given 
by dT A with the following bound. 


where Fy is the curvature form ofV. 


□ 


V The resolution of the Yang-Mills Plateau problem 
in the critical dimension. 

V.l The small energy case. 

We first present the resolution of the Yang-Mills Plateau problem in the 
case where the given connection at the boundary has a small trace norm. 
Precisely we shall prove the following result. 

Theorem V.l. Let G be a compact Lie group and m < 4. There exists 
> 0 such that for any 1-form g G satisfying 

, (V-1) 

then the following minimization problem is achieved by a 1-form T® G 
inf|YM(T)= f |dT + T A Tp ; ig^mA = g 
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□ 


The previous theorem is a corollary of the following weak closure theo¬ 
rem 

Theorem V.2. Let G be a compaet Lie group and m < 4. There exists 
> 0 such that for any 1-form p E satisfying 

WhWmEidB'^) < , (V-2) 

then for any G Q) satisfying 

hmsupyM(74^) = f \dA^ A A^ A dx^ < Too and Ag^mA^ = p 
k^+oo J 

there exists a subsequence A^' and a Sobolev connection A°^ G W^’^{A^B'^, Q) 
such that 

D{A^\A^)-= inf [ \A’^'- {A^y)\‘^ dx^ ^ 0 

gQ_W^,2^BPG) dsm 


moreover 


YM{A^) < lim inf and lIb^A^ = 1 ■ 

fc'-^O 


□ 


Proof of theorem IV.21 We present the proof in the critical case m = 4. 
The case m < 4 being almost like the abelian linear case treated . Let B 
be the minimizer of E in iyk^(A^5'^, Q) and using (IIII.7I) and the Sobolev 
embedding into we have 


\Bf dx'^ 


Jb^ 


m „ 

+ E / dx* < C [E{B) + \\y\\T] (V.3) 


The one form B is the harmonic extension of p and classical elliptic estimate 
gives 


E{B) <C\\p\ 


mG{dBA 


(V.4) 
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Combining (IV.31) and (IV.41) we obtain the existence of a constant C inde¬ 
pendent of T] such that 


'54 


\Fb\ dx < C ||^|liJl/2(5^4) + ||^|liJl/2(554) 


We choose hrst dc > 0 such that C [5‘q+5q\ < eq in such a way that we can 
apply theorem IIV.II and we have the existence of a minimizing sequence 
of VM in Q) with a Coulomb gauge {A^)F controlled in ; 


< C \\FAmB.) < C [Sg + SI] 
Without loss of generality we can assume that 


(V.5) 


{Ay ^ weakly in 

for some 1-form A^ which satishes the Coulomb condition d*A'^ = 0 and 
for which 

f dx^ < liminf f dx'^ = liminf f \Fykf dx'^ (V.6) 

J J^4 k^ + oo J j^4 ' ' k^+oo J j^4 

We claim that the restriction of A°° to is gauge equivalent to 77. Be¬ 
cause of the weak convergence of (^4^)^ to A°° weakly in by continuity 
of the trace operation from into have 

iy.{AY = (/)-' 4B.dg'‘ + {gyyg'‘ - (V.7) 

weakly in Q). Using the continuous embedding 

HF^{dB^) -A L^dB^) 

we have that the restriction of to dB'^ converges weakly to some limit 
in W^^'^{dB^) and we have, using ( IV.5p . 


< liminf IId/IIi3(9ij4) 
k^-\-oo 


< c 

< c [fc+ a: 


7 

I dll 771/2(9^4) + liminf II Y ll^ri/ASs^) 

/C—r ~rOO 


(V.8) 
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Using now Rellich Kondrachov theorem (see for instance [IBrj ). this conver¬ 
gence is strong in for any q < +oo which implies that takes values 
almost everywhere in G and g'^ G G). We have moreover 

{g^-^ dg^ G {g^-^ g g^ = 


Using the continuous embedding 

^oo p vpi,3(^54^ . H^A{dB^) ^ 

(the proof of this continuous embedding is also similar to the one of Lemma 
B1 in |PR2j ), we have that 

\\dg'^\\m/^{dBg 

< G [||5'°°||oo + 1111^1.3(9^4)] [\\g\\m/^{dB^) + ll4B4^'^lliIi/2(9B4)] (V.9) 

< C' [^G + 4] 


We shall now make use of the following theorem which, as for theorem IIV.2 


can be proved following Uhlenbeck’s Coulomb gauge extraction method. 

Theorem V.3. Let G he a eompact Lie group. There exists £g > 0 sueh 
that for any g E H^A(^qb^., G) satisfying 

Wdlln^EidB-^B) ^ 

there exists an extension g E 1U^’^(R^, G) of g satisfying 

\\g\\w^,2(B^B) - ^ WoWn^EidB^B) ■ 

□ 


End of the proof of theorem IV.21 We choose 5g small enough such 
that the r.h.s. of (IV.91) G [^g + ^g] smaller than eq given by the pre¬ 
vious theorem. Let g’^ E VU^’^(R'^,G) be an extension of g’^ given by 
theorem IV.31 Then 


^00 _ (^oo)(g“)- ^ 
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and we have using (IV.61) 

iF^oc 


f^4 


dx'^ < liminf / dx^ 

/c—7>+oo J 


Since is a minimizing sequence of the Yang-Mills Plateau problem in 
Q), the connection form is a solution to this problem and 
theorem IV.2I is proved. □ 


V.2 The general case and the point removability result for 
Sobolev connections. 


The theorem IV.21 as it is stated does not hold without the small norm 
assumption ( IV. ip this is due to the fact that the theorem IV.31 and sim¬ 
ilar results such as theorem IIV.2I do not hold for general data without 
smallness assumption (see again remark lIV.ip . We shall instead prove the 
following result where the boundary condition is relaxed to a constrained 
trace modulo gauge action. 


Theorem V.4. Let G he a eompaet Lie group and m < 4. For any 1-form 
Tj ^ Q) the following minimization problem 

inf I J \Fa\‘^ dx^ ; some g G G)| (V.IO) 

is aehieved by a 1-form G Q\ □ 

In fact theorem IV.41 is a corollary of a general closure result. 

Theorem V.5. For any eompaet Lie group G and any dimension m < 4, 
the spaee of Sobolev eonneetions 

%fB^) := {m G g) ; for some g G G)} 

is weakly sequentially elosed for sequenees of controlled Yang-Mills energy. 
Precisely, for any A^ G satisfying 

lim sup YM{A^) = f F A’^ A A^\‘^ dx^ < +oo 

fc-)>+oo J 
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there exists a subsequence A^' and a Sobolev connection E such 

that 


diA^\ A^) := inf / \A^' - (A^AS dx^ 0 

dsm 


moreover 


YM{A°°) < lim inf YM{A’^ ) . 

k'^O 


□ 


Proof of theorem IV. 51 Here again we restrict to the most delicate case 
: m = 4. 

Let be a sequence of ^—valued 1-forms and denote by eg the pos¬ 
itive constant in Uhlenbeck’s theorem llV.lln . A straightforward covering 
argument combined by some induction procedure gives the existence of a 
subsequence that we still denote A^ and N points pi ■ ■ -pN in such that 

V(5>0 3pj>0 


sup sup < / ; y E B^\ uf^^Bsipi) \ < eq 

km yJB.^iy) ) 

The case without concentration : {pi ■ ■ ■ Pn} = 0- 
Let p > 0 such that 


sup sup 

k€N y€B* 



dx 



< 


We fix a hnite good covering h| of B'^ by balls of radius p/2. Denote 
{Bp/ 2 {xi)}i^i this covering. On each of the rice larger ball Bp{xi) for any 


®We choose in fact eq small enough for the controlled Gauge Uhlenbeck theorem to be valid for this 
constant when the domain is any intersection of B'^ with a ball Bp{y) for y G B'^ and 0 < p < 1 

^The word ’’good” means that any intersections of elements of the covering is either empty or diffeo- 

morphic to B^ (see my 
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m 


/c G N we take a controlled Coulomb gauge such that 

dx^ 

\F^k\^ dx^ 


'Bjix.) 


+ E / dx^ 

lj=l B'^pAi) 


(V.ll) 


< c 




and 


d\A‘‘Y' = 0 . 

For any pair i Y j d such that Bp{xi) H Bp{xi) Y 0 w® denote 


(V.12) 


4 := 4(4)^' 6 Vd'---\Bp[xi) n Bp[xY, G) , 


and we have in particular 


= {qY'Y + YY {aY 4 • 


Hj 


dj' 


Hj 


(V.13) 


Observe that for any triplet i Y h 3 Y ^ ^ Y ^ such that Bp{xi) Cl 

BpiyXi) n Bp{xi) 7 ^ 0 we have the co-cycle condition 


V * e N 4 4 = 4 . 


(V.14) 


Combining (IV.lip and (IV.13P together with the improved Sobolev embed¬ 
ding where is the Lorentz interpolation space 

given by (IIV.12P we obtain that for any pair i Y 3 such that Bp{xi) Cl 

Bp{xj) Y 0 


-k ||2 


\\^9ij\\L^^^{Bp{xi)nBp{xj)) — 


<C 

3 Bp{xi)UBp{xj) 


(V.15) 


From (IV. 13p we have 


- A4 = {A'^y‘ ■ dip -dg%-{AYi (V. 16) 

Using again the improved Sobolev embedding L^’^(il^), in¬ 

equalities (IV.lip and (IV.lSp together with the continuous embedding 


^4,2 . ^4,2 ^ ^ 


2,1 
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we obtain 


\\^9ij\\L^^^{Bp{x,)nBpix,)) < C / 

J Bp{xi)LlBp{xj) 


(V.17) 


Using Calderon Zygmund theory in Lorentz interpolation spaces (see [ ISWj ) 
we obtain that G fl Bp{xi)) where denotes the 

space of functions with two derivatives in using (IV. 151) together 

with (IV.17P we obtain the following estimate 

1 1/2 


V^5'*j'|U2.1(i?3^/4(a,pni33p/4Ud) ^ ^ 


’ Bp{xi)UBp{xj) 


|Fa‘P dx^ 


(V.18) 


We can then extract a subsequence such that 

f Vi G / A^’°° weakly in W^’‘^{Bp(xi)) 

g^ weakly in W^^^^^^\B:ip/^{xi) C B^p/^{xi))) 
moreover and g^ satisfy the following identities 

[ Ml A^^^ = {g^r^dg^ + {g^Y^ W’- g^ 

{ (V.19) 

g^gY = g^ 

and we have the following estimate 



oo 


2 

L'^’^iBsp/A iXi)nB3p/4 (Xj)) 


< C liminf 

fc—?>+00 



)UBp{xj) 


\FaY dx^ 


It is proved in 


RiO] that 


(V.20) 




hence we deduce that g’^ G C® fl fl B^p/ 4 {xi)) and for any 

i j there exists g°° G G such that 


Wdij dij \\L°^{B3p/4{xi)nB3p/4(xj)) 


< C liminf 

k^+oo 



)UBp{xj) 


\FaY dx^ <2 C £g 


(V.21) 
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Taking eq small enough there exists a unique lifting 

C/“ e n B3p/4(ii)) 


such that 

and 


^ j = g!- exp(f/^) 


^J 




If/yllco < c £g 


for some constant C depending only on G. Following an induction argu- 
ment§ such as the one followed in |MW] for the proof of theorem II.11, we 
can smooth the in order to produce a sequence 

g^{t) e n G) 

satisfying 

g^it) —^ g^ strongly in n B:^p/^{xj)) as t ^ 0 

and 

V t Vz, j, / g’^it) gfi{t) = g^{t) 

Since the ball B^ is topologically trivial, the previous cocycle condition 
dehnes a trivial Cech smooth co-chain for the presheaf oi G—valued smooth 
functions (see for instance |BTJ section 10 chapter II) and for any z G / 
and any t > 0 there exists pft) G G°^{B^p/ 4 {xi), G) such that 

= (V.22) 

We shall now make use of the following technical lemma which is proved 

UMj. 


m 


Lemma V.l. Let G he a compact Lie group and he a good covering 

of B'^. There exists <5 > 0 such that for any pair of co-chains 


Vi ^ j hij, Qij e n C\Ui n Uj, G) 

SA co-cycle smoothing argument by induction argument is also proposed in [Isl] under the weaker 
hypothesis that the co-cycles g°° are in 4 dimension. This is made possible due to the fact that 
C°°{B‘^,G) is dense in ,G) (see |SU) b The works of Takeshi Isobe [Islj . |Is2) are proposing a 

framework for studying the analysis of gauge theory in conformal and super-critical dimension. 
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satisfying 

v^, J, I gij gji = gu and h^j hji = hu m n Uj n Ui. 
Assume 

7^ j Wdi^ hj - e||L°o(c/^nc/,) < ^ 

where e is the constant map equal to the neutral element of G, then, for 
any strictly smaller good covering of B'^ satisfying Vi C Ui, there 

exists a family of maps ai G D C^(Ui D Uj, G) such that 

^ j hij = {a^y^gij CFj m V n Vj 


□ 


We apply the previous lemma to hij := gfj{t) and gij := g'i^ for t small 
enough and we deduce the existence of 


a,(t) e n W(b^/2(x,) n 


such that 


d’Sit) = in Bpi 2 {xi) n Bpi^ixf) (V.23) 


Combining (IV. 2 21} and (IV. 231) we have 


7^ j g^ = {(Jjpj) 


-1 


in Bp/ 2 {xf) n Bpi 2 {xj) 


Combining this identity with (IV. 191) we set 

-4° := {(T^p^)~^ d{(7iPi) + {(7^pi)~^ W’”® {(T^pi) in Bpi 2 {xf) 

Clearly extends to a ^—valued 1-form in B^, moreover, following 
the arguments in the proof of theorem IV.21 the restriction of ^4*^ to dB^ 
is gauge equivalent to p. This concludes the proof of theorem IV.51 in the 
absence of concentration points. 

The general case with possible concentration : {pi ■ ■ -Pn} 7 ^ 0 - 
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Following the arguments in the previous case, for any ^ > 0 we exhibit 
a subsequence ^4^', a covering by balls Bpg{xi) of \ and a 

family of gauge changes such that 


yi E I 74*’°° weakly in W^^‘^{Bp{xi)) 

y J gfj gy weakly in n B^^p/^x^))) 


The family gfj dehnes again a co-chain that we can approximate in 

(F^nkF^’^ by a smooth one gf-{t). Using the fact that the second homotopy 
group of the compact Lie group is trivial 7r2(G') = 0 (see for instance |BrDi] 
chapter V proposition 7.5) we deduce that the co-chain gy{t), dehned on 
a covering of B'^ \ is trivial for the Cech cohomology for the 

co-chains on the pre-sheaf of smooth G—valued functions. Following each 
step of the above argument we construct a VF^’^ ^—valued 1-form in 
B^\ujy^Bg{pi) which is gauge equivalent to 74*’°° in B^^j^Xi) for each i E I 
and whose restriction on dB^ \ ufL^Bj{pi) is also gauge equivalent to g. 
Moreover we have 




iF^op dx'^ < liminf / dx^ 

k^+oo 


Using a diagonal argument with 5 —> 0 we can extend A^ as a ^—valued 

12 A 

1-form in VF^J^ {B^ \ {pi ■ ■ ■ pn}) and still satisfying 



iF^op dx^ < liminf 

fc—?>-|-oo 



iF^fcp dx^ 


(V.24) 


We conclude the proof of theorem IV. 51 by changing the gauge of A'^ in the 
neighborhood of each blow up point pi making use of the following theo¬ 
rem IV.71 known as point removability theorem^ which gives the existence 
of a change of gauge g in order to extend our connection 1-form ( 74 ®)^ as 
a VF^’^ Q valued 1—form in the neighborhood of each pi. We then paste 
together these VF^’^— gauges by using the same technique as the one we 
used in the case without blow up points in order to get a global VF^’^ repre¬ 
sentative of 74*^ on B‘^ gauge equivalent to g on dB'^ and satisfying (IV. 241) . 
This concludes the proof of theorem IV.51 □ 
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Theorem V.6. [Point removability] Let G he a eompact Lie group and 
A e Q) such that 


\dA “1“ ^4. A ^1 dx <c “Hoo 


Jb^ 

2 2 A 

then there exists a gauge change g £ G) such that 

A3 eW^^‘^{A^B\g) . 


□ 


Remark V.l. Point removability results play an important role in the 
analysis of conformally invariant variational problems. This is a natural 
consequence of due to the existence of point concentration which is inherent 
to the conformal invariance. These results are often formulated for the 
critical points of conformally invariant lagrangians and in the present case 
it has been first proved by K.Uhlenbeck for Yang-Mills fields (see lUhllJ ). 
Observe that here we are not assuming that A is satisfying a particular 
equation. □ 

Remark V.2. Beyond geometric analysis, point removability results play 
also an important role in complex geometry. One could for instance quote 
the work of Bando IBan^ about the possibility to extend an hermitian holo- 
morphic structure = 0 with L^ bounded curvature on a the punctured 
hall R^\{0} as a smooth holomorphic bundle throughout the origin. Beside 
the holomorphicity condition = 0 no further ’’equation” is assumed and 
in particular the Einstein equation uj ■ = cL is not assumed and the 

connection form is not necessarily a Yang-Mills field. □ 

Proof of theorem IV.61 Without loss of generality we can assume that 


where (5 > 0 will be fixed later on in the proof. Denote for i >2 



Ti := By«{0) \ BlUO) 
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From theorem IIV.II there exists (5 > 0 such that, on each annulus T* there 
exists a change of gauge gi such that there exists gi G G) such that 


4 

f dx^ < Cg f \dA + AAAfdx^ 

Jt, Jt, 


ddA^^ = 0 


k,l=l 
in Ti 


(V.25) 




On Ti n Tj+i = B 2 -^+l \ B 2-^-2 the transition function ga+i 
satisfy 

= {gii+i)~^ dg^,+i + {g^,+i)~^ A^^ g,,+i 


Hence (IV.25I) imply 


gi{9i+i) ^ 
(V.26) 


22*/ \dgu+i\^ dx^ < C f \dA + AAAfdx^ {Y.27) 

Taking the adjoint of the covariant derivative of equation (IV.26P 


^ga+i — ■ dgn-\-\ dgn-\-\ • A^^^^ 


and, arguing as in the hrst part of the proof of theorem IV.5I we deduce 
the existence of ^ G such that 

llfi'ii+l “ 5'ii+l|U°°(TinT,+i) 


< C 2^\\dgu+i\\L'^{T,f\T,+A + ^ XI W^xkXidi 


jz+i||L2.i(r,nr,+i) 


(V.28) 


< C 


\dA + A A Ay dx 


fc,/=i 

-I 1/2 

2 


'TiUTi+i 


<c Vd 


We now modify the gauge change gi as follows. Precisely, for any z G N, 
we denote 

'■= gi2 923 ' ' ' gi-li ^ G . 
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Observe that 


(V.29) 


Hence ^ is still a Coulomb gauge satisfying 

4 


k,l = l 

d*A3^^~" = 0 in T, 


i^i ^ |2 


dx^ < Cg I \dA + AAA\‘^dx^ 
Jt, 


) = 0 

(V.30) 

Denote hi := gi'A'A^ the transition functions on T* Cl Tj+i for these new 
gauges are given by 


hii-\-l ■ — giC^i 0'i-\-i (^j_|_i) — Qi Qii+l (^'z+l) 


-1 


\-l 


Using (IV.28P we have 

— e|U°“(T,nri+i) < C 


\dA “H H A H| dx 


nl/2 

2 <C V5 (V.31) 


_J TiUTi+i 

Exactly as for Qi, using the identity 

= {hu+i)~^ dh,,+i + {hu+i)~^ A^^ h^i+i 

together with (IV.291) and (IV.30f) we obtain 

4 

2^\\dh^^+l\\L2(^T,nT,+l) + E 11 ^XkXi i+ 111 L24 (T-nTi+i) 

k,l—l 

-|l/2 


< c 


\dA + A A A\‘^ dx'^ 


.JTiVJTi+i 


<c Vs 


(V.32) 


(V.33) 


where e is the content function on Ti Cl Tj+i equal to the neutral element of 
G. Having chosen S small enough we ensure that the transition functions 
of this new set of trivialization are contained in a neighborhood of the 
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neutral element into which the exponential map dehnes a diffeomorphism 
and there exist such that hnj^i = exp{Uii+i) and 

4 

||t^zi+i|U-(r,nr,+i) + ‘^"\\dU^i+i\\L-^(^T,nT,+i) + Ell ^XkXi i+111 (TjnTi+i) 

k,l=l 

r li/2 


< c 


\dA + ^4 A A\^ dx^ 


.JTiUTi+i 


<C ^/5 


(V.34) 

Let p be a smooth function on M_|_ identically equal to 1 between 0 and \f2 
and compactly supported in [0, 2]. On we dehne 

Pi{x) := p{\x\ 2*) := \ B 2 -^ and := exp(p, Ui^+i) 

With these notations we have 

on Vi+i r\Vi = B 2 -i+i /2 \ B 2 -^ we have = hnj^i and Tj+i = e 
Hence on 14 +1 fl 14 we have 


-1^ , 


-1 Ah^ 


I ' 'i 

(V.35) 

= {h,,+i)-^ dh^,+i + {h,,+i)-^ A^^ hu+i = A^^+^ = 

•^7 12 
and the 1-form A equal to H on each annulus 14 dehnes a global H4^’^ 

connection 1-form on B^ \ {0} gauge equivalent to A. Clearly, for /c = 1, 2, 

we have the pointwise estimate 

l/r.l^C l/'-'C/.i+il onV, 

Combining this fact together with (IV.30p . (IV.34p and (IV.35P we obtain 

^ dx'^ 

UTi+i 


4 

f + V < C'g f \dA + AAAf 

dVi u AUT,;_i_i 


k,l—l 

Summing over i gives 


\x 


-2 


'54 


^ r 

\A\^ ^'S^\dxf^Ai\^ dx"^ < Cg / \dA^AAA\^dx‘^ 

ki=i 


A is then in and this concludes the proof of theorem IV.61 D 
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VI The Yang-Mills equation in sub-critical and crit¬ 
ical dimensions. 

VI. 1 Yang-Mills fields. 

Until now we have produced solutions to the Yang-Mills Plateau problem 
in dimension less or equal to 4 but we have not addressed issues related to 
the special properties that should be satisfied by these solutions. Maybe 
one of the hrst question that should be looked at is whether these minima 
dehne smooth equivariant horizontal plane distributions or not. 

In order to study the regularity of solutions to the Yang-Mills Plateau 
problem we have first to produce the Euler Lagrange equation attached to 
this variational problem. This is the so called Yang-Mills equation. 

Definition VI. 1. Let G be a eompaet Lie group and A be an L^ eonneetion 
1-form on into the Lie Algebra Q of G. Assume that 

f \dA + ^4 A A\‘^ dx^ < +oo 

we say that A is a Yang-Mills field if 

— f \d{A + tf) + (^4 + tf) A (^4 + dx^ |t=o = 0 
dt J 

□ 

Observe that this definition makes sense for any A E L^ such that 
Fa G indeed we have for any f in G^{A^B^, Q) 

FA+t^ = FAFt {dfFAAf + fAA) + t^ f A Af G L^{A^B^, Q) 

For such 0 . A E Lf and for any f in G'^{A^B'^^Q) we denote by the 
following 2-form 

dA(,(x,Y) -mx.Y) + [>i(x).^(y)] + K(x),>i(y)] 
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So we have for instance 


dA^ida:,, 


^xAj ~ 9xj^i + [Ai, ^j] + ['Ci, Aj] 


We have then the following proposition. 


Proposition VI.1. [Yang-Mills Equation] Let A G ,Q) such 

that Fa G Q). The connection 1-form A is a Yang-Mills field if 




which is equivalent to 

[ dAf ■ Fa = 0 

JB^ 

(VI.36) 


d\FA = 0 m V'{B^) 

(VI.37) 

In coordinates this reads 


\/ i = 1 ■■■ m 

m 

dxj{FA)ij + [Aj, {FA)ij\ = 0 . 

j=i 

(VI.38) 

□ 


The Yang-Mills equation (IVI.36I) is also written symbolically as follows 

d*FA + [^,lFa] = 0 

where L is referring to the contraction operation between tensors with re¬ 
spect to the flat metric on B^. The proof of the last statement of the 
proposition goes as follows (IVI.36I) in coordinates is equivalent to 

m p 

E / - A?. + H,] + [6. , (FAh) dx’" = 0 

i,i=i 

using integration by parts and the fact that the Killing metric, invariant 
under adjoint action, satishes < K, [V, W] >=< W, [U, V] > we obtain 


m 


E / {-9AFAh + [(f’A)ii. Ai], Q + (dAFAh + [Aj, {FA)ii],ii) dx” = 0 
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which implies (IVI.38I) . 

The gauge invariance of the integrant of Yang-Mills lagrangian implies 
that (IVI.38P is solved for A if and only if it is solved for any gauge trans¬ 
formation of A. More generally we have the following 


VAe g) VgE G) 

d*A9)FA3 = g~^d*AFAg 


(VI.39) 


.-1. 


where we recall that A^ := g ^dg -Eg ^Ag. 

The Yang-Mills equation (1VI.37P has to be compared with the Bianchi 
identity to which it is a kind of ” dual equation”. This is a structure equation 
which holds for any connection 1-form. 

Proposition VI.2. [Bianchi identity] For any A E L‘^{A^B'^, Q) such 
that Fa E L?‘{A^B'^, Q) the following identity holds 

dAFA = 0 

where dAFA is the 3-form given by 
dAFA{X,Y,Z) :=dFA{X,Y,Z) 

+ [M(Y), F^(y, Z)] + [M(y), F^(Z, X)] + [M(Z), F^(X, y)] 


□ 


The proof of Bianchi identity goes as follows. We have 
dFA{X, y, Z) = d{A A A) (X, y, Z) 

= [dA{X, y), M(Z)] + [dA{Y, Z), A{X)] + [dA{Z, X), M(y)] 

= [F^(X, y), AiZ)] + [F^(y, Z), M(X)] + [F^(Z, X), M(y)] 
where we have used the Jacobi identity 

llA(X),AiY)iAiZ)] + IIA(Y),A(Z)],A(X)] + llA(Z),AiX)iAiY)] = 0 
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This concludes the proof of Bianchi identity. 

In the particular case where G is abelian, Yang-Mills equation together 
with Bianchi identity is equivalent to the harmonic map form system 

( d*FA = 0 Yang-Mills 
dFA = 0 Bianchi 

whose solutions are known to be analytic in every dimension. We are now 
asking about the same regularity issue in the non abelian case. 


VI.2 


The regularity of Yang-Mills Fields in sub-critical and 
critical dimensions. 


The Yang-Mills equation (IVI.38I) is impossible to exploit for proving any 
regularity. Indeed, Since the associated lagrangian is invariant under gauge 
transformation the equation is also invariant under this action of this huge 
group and assuming any regularity for A would be established then, tacking 
any arbitrary other non smooth gauge g there is no reason why should 
be again smooth though it still solves Yang-Mills, here again breaking the 
gauge invariance plays a condimental role and we are proving the following 
result 

Theorem VI.7. Let G he a eompact Lie group and m < 4 and let A E 
Q) satisfying the Yang-Mills equation ( [ V7.5'?t ) then for any 
Coulomb gauge A^ (i.e. satisfying d*A^ = ^), LY is C°°. □ 

Proof of theorem I VI. 71 

We assume that A is Coulomb and satisfy the Yang-Mills equation 
(I VI.3 71} . Hence we have 

d*dA + d*{A A H) + [A,LdA] -E[A,lAaA] = 0 . 

Using the fact that d*A = 0 the Yang-Mills equation in this Coulomb gauge 
reads then 

AA = d*{AAA) + [A,i_dA] + [A,i_{A A A)] , (VI.40) 

and theorem IVI.7I is now the direct consequence of the following result. □ 
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Theorem VI. 8 . Letm < 4 and N G N*. Let f G C'^(R^x R^) 

and let g G (7'^(R^,R^) sueh that there exists C > 0 satisfying 

|/K,H)| < C ICI |H| and Ig^)! < C |{|* . (VI.41) 

Let u G R^) satisfying 

Au = f{u,\/u) + g{u) , (VI.42) 

then u is C°°. □ 


Proof of theorem IVI.8L First we observe that in dimension 4 only 
the theorem is not a straightforward consequence of a classical bootstrap 
argument in elliptic PDF. Indeed, if m < 4, using the embedding 


for g' = 6 in 3 dimension and any q < +oo in 2 dimensions, we obtain 
from the equation (IVI.42P that Au G in 3 dimension and Au G L^ for 
any p < 2. Using classical Calderon-Zygmund theory this last information 
gives that Vu G Lf^^{B^) in 3 dimension and respectively Vu G L^{B‘^) for 
any q < +oo in 2 D. So we have gained informations about the regularity 
of u. Injecting again this improved regularity for u in the equation we 
obtain that u is bounded in L^ and, after one more bootstrap that u is 
lipshitz. The proof of the full regularity is established then by induction 
taking more and more derivatives of the PDF and arguing as we just did 
with the successive derivatives of u. 


We shall now concentrate on the case m = 4 which is critical and for 
which the direct bootstrap argument we just used in the sub-critical di¬ 
mensions 2 and 3 is not offering any more information on the regularity of 
M. In 4 dimension we have the embedding 


We claim that there exists a > 0 such that 

[ \u\'^{x) dx^ < Too . 


sup p 

; 0 </ 9 < 1/4 


' Bp{xo) 
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(VI.43) 







Let e > 0 to be fixed later. There exists po > 0 such that 


sup / [|u|^(x) + \Vu\‘^{x)]dx < e . 

xoGBf^^{0) ; 0<p<po jB^{xo) 


(VI.44) 


Let now xq G ^^^ 2 ( 0 ) p < po arbitrary. On Bp{xo) we consider (p to be 


the solution of 


A(p = f{u, Vu) + g{u) in 5^(xo) 
ip = 0 on dBp{xo) 


(VL45) 


Classical elliptic estimates (see |GT] ) gives the existence of a constant 
independent of p such that 


M\l^{B^^{xo)) < C ||/(w,Vu)+5r(u)||i4/3(54(^^)) 

< c \\u\\Li{^Bj{xo)) \\^u\\L2^Bj,{xo)) + C ||M||i4(54 


(VL46) 


(a^o)) 


The difference v := u — p is harmonic on 5p(xo). Hence \v\^ is subharmonic 


This gives that 


which implies that 


A|n|^ = 12|np |Vnp > 0 

f d\v''^ 


M r < p 


'dBr{xo) 


dr 


> 0 


d 

dr 

So we have in particular 


^ f dx'^' 

J Jb*{xo) 


> 0 


/ dx'^ < 4 ^ dx^ 

'^p/4Co) dBp{xo) 


(VL47) 
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From this inequality we deduce 


' Bp! i{xo) 


\u\^{x) dx'^ < 


' Bp/^{xo) 


[|u|^ + \lp\^] dx'^ 


< 2 


-5 


|u|^(x) dx'^ + 


J Bpixo) J Bp{X{)) 

< 2“^ f |m|^(x) + 16 f 

JBpixo) JBp{xo) 


\ipf dx'^ 
\(p\^ dx^ 


(VI.48) 


Combining (IVI.46P and (IVI.48P we then have 
[ \u\^{x) dx^ 


' Bp/4{xo) 


< 


2 ^ + Co [||Vm|||^2(5^) + ||m||^4(5^)] 


-^p(^o) 


\uf{x) dx'^ 


(VI.49) 


We choose e > 0 such that < 2 ^ and we have then established that 
for any p < po 

f dx^ —of dx'^ (VI.50) 

JBp/4{xo) JBp{xo) 

Iterating this inequality gives (IVI.43P . Inserting the Morrey bound (IVI.43I) 
into the equation (IVI.42P gives 


sup p 

xoGSf/do) ; o<p<i/4 


/ |Ait|C3(x) < +00 . 

JBp{xo) 


(VI.51) 


The Adams-Sobolev embeddings (see jAdj ) give then the existence of p > 2 
such that Vw G H is easy then to see that the PDF (IVI.42P 

becomes sub-critical for (with p > 2) in 4 dimension and we can 

apply a similar bootstrap arguments as we did in dimensions 2 and 3 in 
order to obtain the desired regularity for u. This concludes the proof of 
theorem IVI.8[ □. 


Remark VI.3. The proof of the regularity of Yang-Mills fields in the crit¬ 
ical 4 dimension is ’’soft” in comparison with the proof of the regularity of 
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the ”cousin problem” : the harmonic maps between a surface and a man¬ 
ifold. Both equations are critical respectively in f and 2 dimensions but 
the analysis of the harmonic map equation is made more delicate by the 
fact that the non-linearity in the harmonic map equation is in which is 
a space which does not behave ’’nicely” with respect to Calderon-Zygmund 
operations. There is no such a difficulty for Yang-Mills. What is deli¬ 
cate however is to construct a ’’good gauge” in which Yang-Mills equation 
becomes elliptic. In a somewhat parallel way the difficulty posed by the 
harmonic maps equation was overcome by the author by solving a gauge 
problem (see IRiZf ). 


One consequence of the previous regularity result and the point remov¬ 
ability result rv\6] is the following point removability iheoiem for Yang-Mills 
helds in 4 dimension 


Theorem VI.9. [Point Removability for Yang-Mills in conformal 

12 1 A. 

dimension.] Let A be a weak solution in to Yang-Mils 

equation 

d-^FA = d’FA + lA,LFA\=0 inF'{B*\{0}) . 

Assume 

/ \dA + ^4 A A\‘^ dx^ < +oo 

2 2 zL 

then there exists g G Wff^ {B^ \ {0}) such that 

AS G C^{B^) 

and As solves the Yang-Mills equation strongly in the whole ball B^. □ 

Proof of theorem IVI.9L The point removability result IV.4I qives the ex¬ 
istence of a gauge such that As g Q). Using Uhlenbeck’s 

Coulomb gauge IIV.II extraction theorem we can assume that As satisfies 
the Coulomb condition d*As = 0 in So As is a lU^’^—solution of a 

system of the form 

Am =/(w, Vw) + 5'(w) in\ {0}) 
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where / and g are smooth maps satisfying (IVI.41I) . The distribution 
Art — f{u^Vu) — g{u) is supported in {0}. Hence by a classical result 
in distribution theory this distribution is a hnite linear combination of 
derivatives of Dirac masses : 


- Aw + /(w, Vw) + g{u) (VI.52) 


where A G N, a = [ai ■ ■ ■ a^) G |(a| := |(ai| + • • • + |(a 4 |, Ca G and 
da denotes the partial derivative 

Qai Qa2 Qol^ QOi4 

^ ^ ^ ^ 

Let X be an arbitrary smooth compactly supported function in Bf{0). 
Denote Xe{x) ■= multiply equation (IVI.52P by this function and 

integrate over gives 


Ea 

|a|<V 


5“x(0) 


1 

£ 



Vxix/e) ■ Vw + 



Xe [f{u,\/u)+g{u)] 


Hence, using Vu ^ L‘^ and w G we have 


Ec^< 

|a|<A^ 


5“x(0) 


a 


= o{e) 


Since c}°'x(0) ^-re arbitrary, this implies that Ca = 0 for any a. So the 
equation —Aw + /(w, Vw) + g[v) = 0 holds on the whole ball and we can 
apply theorem IVI.8I to w = and obtain that it is which concludes 
the proof of theorem IVI.Qi □ 


It is clear that the solutions to the Yang-Mills Plateau problems satisfy 
the Yang-Mills equation and hence we have the following corollary. 


Corollary VI. 1. Let G he a eompact Lie group and m < 4. For any 
1-form g G H^I‘^{LfdB'^^ Q) the following minimization problem 

inf I J \Fa\^ dx^ ; for some g G H^^‘^{dB'^, G)| (VI.53) 
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is achieved by a 1-form G which is in any local 

Coulomb gauge inside the ball . □ 


VII Concentration compactness and energy quanti¬ 


zation for Yang-Mills Fields in critical dimen¬ 
sion. 


The goal of this section is to study establish the behavior of sequences 
of Yang-Mills helds of uniformly bounded energy in critical dimension 4. 
There are three main problematics attached to this study 

• Modulo extraction of subsequence, do we have strong converge to a 
limiting Yang-Mills ? 

• If the strong convergence does not hold where is located the lack of 
strong convergence in the base ? 

• How much Yang-Mills energy is lost at the limit ? 

We have already several tools and results at hand that we established in 
the previous sections in order to provide a relatively precise answer to these 
three questions. The proof or our main result in this section is based in 
particular on the following ’’quantitative reformulation” of the regularity 
theorem IVL7I which belongs to the family of the so called e—regularity 
results for conformally invariant problems. 

Theorem VII.1. [e— regularity for Sobolev solutions to Yang-Mills 
in conformal dimension] Let G be a compact Lie group, there exists 
£g ,4 > 0 such that for any Q—valued 1-forms A in W^^‘^{A^Bf{0),Q) satis¬ 
fying the Yang-Mills equation 


d\FA = d‘FA + \A,^FA]=(> in V(B{(0)). 


and the small energy condition 
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then there exists a gauge g in which the following estimates holds : for any 
I G N there exists Ci > 0 such that 

liv'wiii~(B,„(o)) < a f ifaIUx* . (vii.i) 

□ 


Proof of theorem IVII.IL We choose £<^^4 > 0 that will be definitively 
fixed a bit later in the proof to be at least smaller than the > 0 of the 
Coulomb gauge extraction result theorem th-III. 2 . We now work in this 
Coulomb gauge and we omit to mention the superscript g. So, from now 
on until the end of the proof, we are then assuming that we have 

4 

/ \A\^ dx^ +i'\d,Aj\Ux^ <Cg I \FAfdx*<eG.4 (VII.2) 
JBf , Jb; 


*J = 1 

from which we deduce in particular 

1^41^ dx^ < Cq 


-\ 2 


\FA\'^dx^ 


(VII.3) 


for some constant Cq > 0. Recall that in the Coulomb gauge we are 
choosing, the connection form A satisfies the elliptic system (IVI.dOp to 
which we can apply the arguments of the proof of theorem IVI. 8 I that we 
are going to follow closely keeping track this time of each estimate. In 
particular, having chosen £<^4 small enough we have inequality (IVI.SOp 
which holds for u = ^4 and for any Bp{xo) C 5i(0) and we deduce 

Vxo G 53 / 4 ( 0 ) Vp < 1/4 



dx'^ < 2 p“ f lAl'^ dx'^ 

JBfiO) 


< 2 Co p“ 



(VII.4) 


where a = log 2/ log 4. Inserting this inequality in the Yang-Mills PDE in 
Coulomb gauge (IVI.40p we obtain the existence of a constant Ci > 0 such 
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that 


Vxo G 53 / 4 ( 0 ) Vp < 1/4 
[ |AGI|45 < Cl 




UBfiO) 




1 4/3 


(VII. 5 ) 


Combining (IVII.4P and (IVII.5P we deduce from Adams-Morrey inequalities 
(see jAdj ) 


WMLPiB.CO)) < C sup 

p-P^ f |AM|A 3 dx^ 

2^06^3/4(0) ;/ 3 < 1/4 

J Bp{xo) 


CC \\A\\l2^Bi{o)) 


(VII. 6 ) 


where 


P 


16-4a/3 


> 2 


— a 


Hence we have for this p > 2 
WVA 


LP{Bz/m) - ^ 




\FA?dx^ 


1/2 


Since p > 2 the non-linear elliptic system (IVI.40p becomes sub-critical 
in 4 dimensions and a standard bootstrap argument gives (IVII.ip . This 
concludes the proof of theorem IVII.li □ 

The previous e—regularity result is the main step for proving the following 
concentration compactness theorem for sequences of Yang-Mills helds. 


Theorem VII.2. [Concentration compactness for Yang-Mills Fields 
in conformal dimension] Let (M^, h) be a closed 4 dimensional rieman- 
nian manifold and P a principal smooth G bundle over M^. Let be a 
sequence of Yang-Mills connections satisfying 

limsup / |Tv/=|^ dvolh < +00 

fc—>-+00 

Then there exists a subsequence V*/ a smooth G—bundle over (M"^, h), 
a smooth Yang-Mills connection ofP°° and finitely many points {pi ■ ■ ■ Pn} 
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in such that for any contractible open set C \ {pi ■ ■ -pn} there 
exists a sequence of trivialization of P over for whieh 

strongly in C^D^) V / G N 

where A^' (resp. A°°) is the connection 1-form associated to (resp. 

in this sequence of local trivializations of P (resp. P°^) over D^. 
Moreover we have the following weak convergence in Radon measure 

yk' dyok ^ := |Fvoo|2 dvolh + ly (VII.7) 

where v is a non negative atomic measure supported by the points pj 

N 

•' ■■= E fi ■ Gii.s) 


Proof of theorem IVII.2[ We follow step by step the proof of theo¬ 
rem IV. 51 replacing for the choice of the covering the Uhlenbeck Coulomb 
Gauge threshold £G{M‘^,h) by the smaller positive constant £Gd{M‘^,h) 
given by the e—regularity result IVII.ll on the manifold Observe 

that, because of the epsilon regularity result, the Coulomb gauges (A^y^ 
are pre-compact for any topology on each ball Bp(xi). This gives also 
the pre-compactness of the transition functions g^ - in any of the topolo¬ 
gies. Hence, the co-cycles g^j converge in any of these topology to the 
limiting (now smooth) co-cycle gf^ which defines a smooth G—bundle P°^ 
over \ {pi ■ ■ ■ pn}- Moreover the limiting collection of 1-forms Ah°° de- 
hnes a connection on P°° satisfying also the Yang-Mills equation which 
passes obviously to the limit under convergence. The gauge invariant 
quantities such as converge also to the corresponding limiting quan¬ 

tities and we have then, modulo extraction of a further subsequence, the 
existence of a limiting radon measure n supported on the points pj ex¬ 
clusively such that (I VII. 91) holds. Finally applying the point removability 
theorem and once again the e—regularity we extend V”® globally on 
as a Yang-Mills smooth connection of the bundle P°° which also obviously 
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extends throughout the pj as a smooth bundle. This concludes the proof 
of theorem IVII.21 □ 


Finally, we identify the concentration atomic measure by proving that 
the weights fj in front of the Dirac masses 5p^ are the sums of Yang-Mills 
energies of Yang-Mills helds over the so called ’’bubbles”. Precisely 
we have the following energy identity result which was hrst established for 
instantons in ||Tj and for Yang-Mills helds in general in liRT 


The proof we 

present below is using the interpolation Lorentz spaces following a technic 
introduced in [LRl] and |LR2I . 


Theorem VII.3. [Energy quantization for Yang-Mills Fields in 
conformal dimension.] Let (M^, h) be a closed 4 dimensional rieman- 
nian manifold and P a principal smooth G bundle over M^. Let be a 
sequence of Yang-Mills connections of uniformly bounded Yang-Mills en¬ 
ergy converging strongly away from finitely many points {pi ■ ■ ■ On} to a 
limiting Yang-Mills connection V”® as described in theorem I VII. M Let u 
be the atomic concentration measure 

N 

J = 1 


satisfying 

:= \Fyk'\\ dvolh := \Fv^\\ dvolh + i' 


Then for each j = 1 ■ ■ ■ N there exists finitely many G— Yang-Mills con¬ 
nections over such that 

Vj = 1 ■ ■ ■ iv dvols^ . (VII.9) 

.=1 •'s- 

□ 


Proof of theorem IVII.3L Since the result is local, the metric in the 
domain does not play much role and we will present the proof for = 
Bf{0) equipped with the hat metric and assuming moreover that there is 
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exactly one limiting blow-up point, N = which coincide with the origin, 
Pi = 0. We also express the connection in s 


Recall that we denote by ecp the positive constant given by the e—regularity 
We detect the ’’most concentrated bubble” precisely let 


theorem VII. 1 


:= inf < p ; £ Bf{0) s. t. f dx^ = > 

[ Jb,{x) 2 J 

Since we are assuming that blow-up is happening exactly at the origin we 
have that 






0 and 


0 s. t. 


|2 r 4 ^GA 


dx^ = 


We choose a sequence x^ that we call center of the first bubble and p^ is 
called the critical radius of the first bubble. Let 

4 

A\y):=p'‘ Y,AUp'‘y + x'‘)dy, . 

i=l 

Due to the scaling invariance of the Yang-Mills lagrangian in 4-dimensions, 
which is the pull-back of by the dilation map D^{y) := yA is 
a Yang-Mills fields moreover 


max 
y€^i/(2pfe)(0) JBfiy) 


[ \F^k\^dy^=f \F^k\^dy^ = 

JBfiy) JBfiO) 


£G,4 


(VII. 10) 


Applying the e—regularity theorem IVII.ll we deduce that on Uhlenbeck’s 
Coulomb Gauges g which exists on each unit ball Bfiy) since the has 
been taken smaller than ec from theorem IIV.II 

V( e N sup < Cl 

y^-®l/(2pfc)(0) 


where Ci is independent of k. Hence, locally in Coulomb gauge, modulo 
extraction of a subsequence, the sequence A^ converges strongly in any 
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A 

topology on to a limiting Yang-Mills connection satisfying 


’BfiO) 


dy* = 


^G.i 


and which is therefore non trivial. Let now tt be the stereographic pro¬ 
jection with respect to the north pole, due to the conformal invariance 
of Yang-Mills energy A := t^*A^ is a non trivial Yang-Mills Field on 
\ {south pole}. Since ^4 is a smooth ^—valued 1-form with hnite Yang- 
Mills energy and satisfying the Yang-Mills equation we can apply the point 
removability result for Yang-Mills holds, theorem IVI.9I and conclude that 
A extends to a global smooth Yang-Mills G—connection Dj over the whole 
which is our first bubble and using again the conformal invariance of 
Yang-Mills energy we have 


£G,4 


< / \Fjjif dvolsi = lim lim / 

Jsi ^ i?-J>+00 fc-)>+oo 




(VII.ll) 


We have now to study the loss of Yang Mills energy in the so called neck 
region between the first bubble and the macroscopic solution A°° to which 
A^ converges away from zero. Precisely we are studying 



— / iF^oopda:^— / dvols^ 


= lim lim 

R —^“hCXD k —^“hCXD 




\Fj^k\^ dx'^ 


(VII.12) 


For any G there is a minimal Yang-Mills energy among all non-trivial Yang- 
Mills Fields. This can be proved easily observing that if the energy is less 
than the threshold, the connections can be represented by a global 
smooth Yang-Mills 1-form on to which the estimates of theorem IVIL II 

apply. Hence since A satishes globally on the PDF (IVLdOl) and for small 
enough Yang-Mills energy this implies that A is an harmonic one form on 
which gives that it is a trivial Yang-Mills helds. Denote 

YM(G, = min | J |FdP dvols^ ; F is a non zero G Yang-Mills Field| 
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To simplify the presentation we assume that 

lim [ iF^kfdx^ — [ [ \Fjjif dvols't 

Jb‘ Js‘ ' (VII. 13) 

< YM(G, S"*) , 


or in other words 


lim lim / < YM(G, 5'^) . (VII.14) 

R^+oo k^+oo J 


Alternatively we would have to go through some standard and fastidious 
induction procedure to remove all the bubbles one by one - each of them 
taking at least an amount of YM(G, 5"^) Yang-Mills energy - and we would 
be anyway reduced at the end to study the loss of energy in annuli re¬ 
gion where (IVII.ldp holds (such a procedure is described for instance in 
iBRj proposition III.l in the framework of Willmore surfaces). Under the 
assumption (IVII. 141} the goal is ultimately to prove 


lim lim 

R —^“|“CX!) k —^“hCJO 

that will hnish the proof of the theorem. We are now going to prove the 
following claim. 

Claim 1 : 

Bji^pk{x^)\/5 >0 3Rs> 1 s. t. Vr G [Rsp^,Rj^] 
lim sup / dx^ < 6 

k^+OO J B2r{x^)\Br{x^) 

Proof of claim 1. We argue by contradiction. Assume there exists do > 0 
such that for all R > 1 there exists G 


^B^.Px'^)\B 


Rpi 


■ix'^) 


dx^ = 0 


lim sup / dx'^ > do 

fc-j>+oo jB.^^k{x^)\B^kix’^) 
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Since we can find a sequence rk for any R > 1, using a diagonal argument 
and the extraction of a subsequence we can assume that 


r 


—r —>■ +00 and r 


0 


Now we introduce 


:= inf 


e B 2 rk{x^) \ B^k{x^) s. t. 

^ 1 


^ Bs{x) 


dx^ = min 


2 ’ 16 


Let x^ be a point in the dyadic annuls B 2 rk{x^)\B^k(x^) where this inhmum 
is achieved. We clearly have 

for any R > 1 and k large enough. Dilating the Yang-Mills connection 
about x^ at a rate (s^)“^ we again obtain a limiting non trivial Yang-Mills 
held, a second bubble, either on or on \ {0} depending whether 
s^/r^ tends to zero or not. In any case we have 

^GA do ] 


lim lim / 

R^+oo k^+oo J 


\Fj^k\^ dx'^ > / |Fqoop dx'^ > min 


2 ’ 16 


and the point removability theorem I VI. 91 for Yang-Mills holds implies that 
A°^ extends to a non-trivial Yang-Mills Field on 


f dx^>YM{G,S^) 


which contradicts the fact that we are working under the assumption that 
there is only one bubble (i.e. assumption (IVII.14I) ). So we have proved 
claim 1. 


Combining claim 1 and the e—regularity theorem IVII.ll we obtain 
Vh > 0 3Rs > I s. t. 

V 3 ; e B„-1 \ Bn^px'^) \x\^ IFaAG) < <5 
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Consider an Uhlenbeck Coulomb gauge in the annulus B 2 

Bjigpk(xY- Introduce x to be a cut-off function such that 

X{x) = 1 in \ 53 ( 0 ) 

X{x) = 0 in 5f(0) 

and let x^Y) ■= x{Rs (x —x^)). Extend in B 2 Rgpk{xY by taking 

i* := x'‘(AY 

Using again the estimates (I VI Lip of e—regularity theorem IVII. II for the 
Uhlenbeck Coulomb gauge (^4*)^ in the annulus B 2 Rgpk{xY \ BR^pk{xY we 
obtain for any x £ B2Rgpk{xY \ BR^pk(xY 


|a;| |74 ^|(x) + |x|^ |V^^|(x) 


< C 


iF^fcp dx^ 


_ pk pfc/2(^^) 


1/2 


(VII.15) 


We have then produced an extension of A^ inside the ball B 2 R^pk{xY 
equal to A^ in B^^-i \ BR^pk{xY and satisfying 

lll^l 


This implies in particular 


IF 


ife||L2.oo(5 ^ 


<C y/6 


(VII. 16) 


where C > 0 is a constant independent of 6 and k. Taking 6 small enough 

_ 

we can apply theorem IIV.4I and find a gauge that we denote simply A and 
which satisfies 


/ \aX + Y\d:,A]? dx"^ <Cg [ |F- 

Jb -^1 1b .(x‘) ' 


dx'^ 


^—rk 


d*A =0 in 


(VII. 17) 
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Using the gauge invariance of Yang-Mills integrant (IVI.39I) together with 
the estimates (IVII.ll) of e—regularity theorem IVII.ll applied to the Uh- 
lenbeck Coulomb gauge in the annulus B 2 Rgpk{xY \ BR^pk{xY we 

obtain on B^-i{xY 


\d*-uF^k\ < C |Vx^| |(^*K|2 + C Ix^l 


< C {Rs pY ^ d 


(VII. 18) 


where Ik^s is the characteristic function of B 2 R,pk{xY \ BR^pk{xY- This 
implies the following estimate 


IM4'=TV'=IIl( 4/3.1)(R i(xfc)) < C 


\F^k\^dx'^ . (VII.19) 


where we recall that Lorentz space whose dual is the Marcinkiewicz 

weak space : Using the embeding (IIV.15I) for p = 2 and m = 4 

we obtain from (IVII.17I) the estimate 


^^Il2 






<Cg 


\F-^k\‘^dx'^ 


'B -i{x'^) 


A 


(VII.20) 


Using now one of the embeddings (IIV.13I) : 

L^BY ■ ^ 

we obtain 


\\d*dA ||l4/3.i(B i(a;fc)) ^ C'g 


\F-^kfdx^ 


'B i{x>^) 


A 


(VII.21) 


Combining this fact with the three lines of (IVII.17P together with classical 
elliptic estimates in Lorentz spaces (see fSWj ) gives 


IF-.- 




<Cg 


\F-^k\‘^dx^ 


B i{x'^) 


A' 
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Combining this inequality with the estimate (1VII.16I) of the curvature in 
the dual space in the neck region we obtain 


V (5 > 0 3Rs > 1 s. t. 


limsup / \Fj^k\‘^ dx^ < C VS 

k-)-+oo J 

from which we deduce 


lim lim 

R-^+oo fc—>-+00 




iF^fcl^ dx^ = 0 


This implies 


dx'^ 


11 ^ := |F^oo|2 dx- 



dvols^ (5o 


This completes the proof of the theorem IVII.3 


□ 


VIII The resolution of the Yang-Mills Plateau prob¬ 
lem in super-critical dimensions. 

VIII. 1 The absence of local gauges. 

We can reformulate the sequential weak closure of connections we 
proved in the previous sections for the dimensions up to 4 in the following 
way. Let G be a compact Lie group and (M"^, h) a compact riemanian 
manifold. Introduce the space of so called Sobolev connections dehned by 

( A. G ^ ; Xu™ \dA + T A Tjl dvolh < +oo 

[ locally 3 gG Vbh2 s.t. A9 g Vbk2 

then we have proved the following result. 
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Theorem VIII.1. For m < 4 the space is weakly sequentially 

closed below any given Yang-Mills energy level : precisely For any £ 
satisfying 

limsupyM(74*) = f \dA^ F A A^\\ dvolh < Foo 

k^+oo J 

there exists a subsequence A^' and a Sobolev connection A°° G 
such that 

d{A^', >1») := inf f - (AnAk dvoh 0 
moreover 

YM{A^) < lim inf YM{A^') . 

k'^Q 

□ 


Remark VIII.1. Observe that the space contains for instance 

global one forms taking values into the Lie algebra Q that correspond 
to smooth connections of some principal G—bundle over M^. If the Yang- 
Mills energy of a sequence of such smooth connections is uniformly bounded, 
we can extract a subsequence converging weakly to a Sobolev connection and 
corresponding possibly to another G—bundle. This possibility of ’’jumping” 
from one bundle to another, as predicted for instance in the concentration 
compactness result theorem WiI.A is encoded in the definition of^ciM'^). 
□ 


Because of this weak closure property the space is the ad-hoc 

space for minimizing Yang-Mills energy in dimension less or equal than 4. 
This is however not the case in higher dimension. We have the following 
proposition. 

Proposition VIII.1. For m > 4 the space is not weakly 

sequentially closed below any given Yang-Mills energy level: precisely there 
exists A^ G 21^[/(2)(^”^) satisfying 

limsupYM{A^) = f IdA’^ F A^ A A’^\‘^ dx^ < Foo 
k^+oo J 
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and a Sobolev connection E such that 




inf [ \A^' 

gGWV^M'^,SUi2)) 


{A^y\l dvolh 0 


but in every neighborhood U of every point of M'^ there is rw g such that 

{A^y e W^^‘^{U) . □ 


The proposition is not difficult to prove but we prefer to illustrate this 
fact by a small cartoon. We consider a sequence A^ of smooth 1-forms on 
the unit 5 dimensional ball, into su{2) such that lim sup;,^_^oo YM{Ay < 
+ 00 . The drawing is representing the flow lines of the divergence free vec¬ 
tor held associated to the closed Chern f-form : Tr{F^k A Fj^k). In this 
cartoon A^ is weakly converging in to some limit sw(2)—valued 1-form 
such that Fa^ E LS but this 1-form satishes 


d {Tr{FA°° A Fa^)) = [5p — ^iv] y 0 

where P and N are two distinct points of - the red dots in the cartoon. 
Hence for almost every small radii r > 0 we have for instance 


’dBf{P) 


Tr{FA°o A Fa°o) = Stt^ 


Assume there would exist g E such that G in the neigh¬ 

borhood of P. The gauge invariance of the Chern form gives that 


’dB^iP) 


Fr(^F(^A°°)91\ F(^A°°)y 


= Stt^ 


However we have seen in section HI that the fact that pQ^^A^^y is in 
W^^‘^{/AdBy su{2)) for almost every r - due to Fubini theorem - imposes 


'dB5{P) 


Fri^F(^A°°)91 \ F(^a°°)9') 


= 0 


which is a contradiction. 
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Fig. 1: Sequence of smooth connections time 1 



Fig. 2: Sequence of smooth connections time 2 



Fig. 3: Sequence of smooth connections - the limit. 

The construction of the counter example of proposition for M"* = 
can be achieved by generating countably many dipoles of the form (P, N) 
at the limit which realize a dense subset of and then in such a way that 

supp [d {Tr{FA^ A Pa°°))] = ■ 

This can be done by controlling the Yang-Mills energy. 
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In the above cartoon the limiting 1-form is a 1-form of a smooth con¬ 
nection but on a <S'l/(2)—bundle which is only dehned over 
What this example says is that, starting in 5 dimension, the Yang-Mills 
energy is not coercive enough in such a way that it’s control does not pre¬ 
vent the corresponding bundle to degenerate and to have local twists at the 
limit. In order to hnd an ad-hoc weakly sequentially closed space below any 
yang-Mills energy level, in such a way that the Yang-Mills Plateau prob¬ 
lem can be solved we have then to relax the notion of Sobolev eonneetions^ 
which was implicitly assuming that the underlying bundle was smooth, by 
allowing the bundle, the carrier of the connection, to have singularities. 
This effort is similar to the one produced by Federer and Fleming while 
producing the class of integer rectifiable currents - i.e. sub manifolds with 
singularities in a way - in order to solve the Classical Plateau Problem in 
super critical dimension m > 2. We are looking for a Geometric measure 
theoretic version of bundle and connections. 

VIII.2 Tian’s results on the compactification of the space of 
smooth Yang-Mills Fields in high dimensions. 

The need of developing a Geometric measure theoretic version of bundle and 
connections beyond the too small class of Sobolev connections on smooth 
bundles has been already encountered in the study of the compactihcation 
of the moduli space of smooth yang-Mills helds by G.Tian in [ jTi] . 

Theorem VIII.2. Let G be a compact Lie group and be a sequence 
of Q—valued 1-forms in Assume A^ are all smooth solutions to the 
Yang-Mills equation 

d\kFA>^ = 0 . 

Assume 

lim sup f \dA’^ + A dx™ < +oo 
k^+oo J 

Then there exists a subsequence A^' and a limiting Q—valued 1-forms A°° 
d(A^’, >1») := in f \A^ - (A’^Yll dvoh 0 
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Moreover there exists a m — 4 reetifiable elosed subset of B^, K, of finite 
m — 4 Hausdorff measure, W^~^{K) < +(X) such that in 

V Br{xo) CB^\K 3 g e W^^\Brixo), G) s. t. 


(^ 00)5 ^ smooth solution of Yang-Mills equation in Br{xo) 


and the following weak convergence as Radon measure holds 


\F^y\^ dx^ |F^oo|2 dx^ + / (VIII.l) 

where is the restriction to K of the m — 4 Hausdorff measure 

and f is an absolutely continuous function with respect to this measure. □ 


This result is very close to a similar result proved in [j^ by F.H.Lin for 
harmonic maps in super-critical dimension m > 3. 

Proof of theorem IVIII.2L The starting point of the proof of theo¬ 
rem |VIIL2] is the following monotonicity formula computed hrst by P. Price 
in [ IPrij . 


Proposition VIII.2. [Monotonicity formula] Let m > 4 and A be a 

Q—valued 1-forms in Bf{0) assume that A is a smooth solution to the 
Yang-Mills equation 


d\FA = 0 mBf{0). 


then the following monotonicity formula holds 


YpeBfiO) y Bf{p) c Bf{0) 


d 

dr 


1 



> 0 

(VIII.2) 

□ 


The monotonicity formula is a direct consequence of the stationarity 
condition which is satished by any smooth critical point of the Yang-Mills 
lagrangian. Precisely the stationarity condition says 







= 0 

t=Q 


(VIII.3) 
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where is the flow of X. The monotonicity formula is obtained by ap¬ 
plying (IVIII.3I) to the each vector-held of the following form : On the ball 
Br{p) the vector-held X is equal to the radial one, X = djdr for canonical 
coordinates centered at p which generates the dilations centered at p, and 
it realizes a smooth interpolation to 0 outside Br+s{p) for any <5 > 0 (see 
jPri] ). Once such a vector held is chosen one computes (IVIII.3P and make 
6 tend to zero. This computation gives then (IVIII.2p . 

The second ingredient of the proof is the extension of the Coulomb 
gauge extraction in dimension larger than 4 to the framework of the so 
called Morrey spaces where the m — 4 densities of Yang-Mills energy are 
assumed to be small everywhere and at any scale. The following result 
has been obtained independently by T.Tao and G.Tian in [ ITT] and by 
Y.Meyer together with the author of the present notes in |MR| . 


Theorem VIII.3. [Coulomb Gauge extraction] Let m > 4 and G he a 

compact Lie group, there exists £m,G > 0 such that for any smooth Q—valued 
1-forms A in 5^(0) satisfying the small Morrey energy condition 






:= sup 


1 


..771—4 


peBp(O), r>0 * JBp{p)nBp{Q) 

then there exists a gauge g G W‘^'’‘^{By 2 {C), G) such that 


|FaP dx^ < £m,G 


1 


777 


sup 


..777 —4 


pGBp(o), 7>o ^ 4Bp(p)nBp(o) ■ 


Y < C IIOil 


MY(i?r(o)) 


and 


df{Ay = {) inB^fd) 


where the constant G only depends on m and G. 


□ 


In this Coulomb gauge any Yang-Mills smooth connection one form 
satishes 


AA^ = d\A3 A A3) + [A3,GdA9] + [A9,i_{A3 A A^)] 


(VIII.4) 
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We shall make now use of the following generalization of theorem IVI.8I to 
Morrey spaces. 


Theorem VIII.4. Let m > 4 and V £ N*. Let f £ x 0 

and let g £ sueh that there exists C > 0 satisfying 

|/K,H)|<C ICI |H| and IsK)! < C . (VIII.5) 

There exists £ > 0 sueh that for any u in L^ C] R^) satisfying 


sup 


|Vw|^ dx"^ < £m,G 


pGi3p(0), r>0 JBj^{p)r\B^{0) 


and 


Au = f{u,Vu) + g{u) , 

then we have for any I £ N the existence of Ci > 0 sueh that 

1 f 




rn-4: / l^'^r 

PGBP(O), r>0 JBp(p)nBp(0) 


(VIII.6) 


(VIII.7) 


(VIII.8) 


□ 


The proof of this theorem is more or less identical to the one of the¬ 
orem IVI.8I replacing the different spaces in 4 dimensions by their Morrey 
counterparts in higher dimension, bearing in mind that Calderon-Zygmund 


theory extends with the natural exponents to these spaces (see jMoj ). 


Combining the monotonicity formula, theorem IVIII.dl and theorem lVIII.4 


applied to the PDE (IVIII.4I) . adapting the arguments we followed for prov¬ 
ing the corresponding result - theorem IVII.ll - from the 4-D counterparts 
of theorem IVIII.4I in the conformal dimension 4, we obtain the following 
regularity result 


e— 


®An e—regularity theorem for smooth Yang-Mills fields has first been obtained by H.Nakajima (see 
[Naj l. It is however a ’’gauge invariant reslult” which gives only an L°° bound on the curvature under the 
small energy assumption but is not providing any control of the connection in some gauge. The proof of 
Nakajima e-regularity for smooth Yang-Mills fields is following the arguments originally introduced by R. 
Schoen in [Sch| for proving the corresponding result for smooth harmonic map. It is using the Bochner 
Formula as a starting point together with the maximum principle and the Moser iteration technique. 
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Theorem VIII.5. [e—regularity for smooth Yang-Mills] Let m > 4 

and G he a eompaet Lie group, there exists em,G > 0 such that for any 
smooth Q—valued 1-forms A in satisfying the Yang-Mills equation 

d\FA = 0 


and the small energy condition 


\Fa\^ dx"‘ < e„,,c 


JBp{Q) 

then there exists a gauge g in which the following estimates holds : for any 
I G N there exists Ci > 0 such that 


Jbp{o) 


□ 


Proof of theorem VIII.2 continued. 


Let 

:= |p e ^ / \Fa.\ dx"‘ > £„,g| 

I ^ J Br{p) J 

where £m,G is the epsilon in the e—regularity theorem IVIII.5[ The mono¬ 
tonicity formula implies 


V/c' G N V r < p 


Hence, by a standard diagonal argument we can extract a subsequence 
such that 2 -i converges to a limiting closed set which of course 

satisfy 

TAOO ^ TPOO 

11/2—j—I ^ ■^2~^ 

Let 

K := f| 

jm 

A classical Ferderer-Zimmer covering argument gives 


7r-\K) < +00 
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With the e—regularity theorem at hand, extracting possibly a further sub¬ 
sequence following a diagonal argument, we can ensure that converges 
locally away from K in every norm in the Coulomb gauges constructed 


in theorem IVIII.3I and we have 


:= 1 ^’. 


Ak' I 


dx' 


:= iF^oop + 


where z/ is a Radon measure supported in the closed set K. Because of the 
Radon measure convergence, the monotonicity formula (I VI11. 21} satisfied 
by can be transferred to the measure 


VpGRr(O) V c Rr(0) 
from which we deduce 


d 

dr 




r 


m—4 


dx^ 


> 0 


r —>-0 


^TO—4 — 


exists for every p G 


Observe that 


A'= {pe B:"(0) ; > 0} . 


(VIII.9) 


Using the monotonicity we have that for any p G {0,1} and any p E K D 

B,i0) 




r 


m—4 


' k'^+oo Jbp{0) 


dx 


m 


(1 - py 

We deduce from this inequality that v is absolutely continuous with respect 
to the restriction to K of the m — 4—Hausdorff measure. Let 

^ > 0 , dehne 


Gs := [p G ; 5 < limsup^^^ [ \Fa 

I r^O T JBpip) 


dx’ 


Considering for any ^ > 0 for any ij > 0 and any p G Gs & radius 0 < < 77 

such that 

f \FA^f dx"‘ > I 
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For any 77 > 0 we extract from the covering {B'^{p))p^Gs 8 - Besicovitch 
subcovering of Gs in such a way that there exists an integer 

Nm > 0 depending only on m such that each point of B^ is covered by at 
most Nm balls of this sub-covering. We then have 

n^-\Gs) < ^limsup V f |F^oo|2 dx^ 

< ^ lim sup f \Fa°°\‘^ dx^ 

0 ry—^0 J dist{x,K)<r] 

Since K is closed and has Lebesgue measure zero we deduce that 

(f|Gj) =0 

\(5>0 / 


or in other words 


for "H™ almost every p G B^ lim sup 


^ ry^TTl 4 / 
r^o f 


iF^oop dx^ = 0 


Using the characterization of K given by (IVIII.9P and the fact that u is ab¬ 
solutely continuous with respect to l iF we deduce from the previous 
fact that 

v{Br{p)) 


for V almost every p G B^ lim 


exists and is positive 


r-^O ^ 

The following result, which is an important contribution to Geometric mea¬ 
sure theory was proved by D.Preiss in jPrej and answered positively to a 
conjecture posed by Besicovitch. It permits to conclude the proof of theo¬ 
rem IVIII.2[ □ 


Theorem VIII.6 . Let n be a Borel non-negative measure in B^. Assume 
that V almost everywhere the n—dimensional density of u exists and is 
positive then v is supported by a n—dimensional rectifiable subset in B'^.U 


In order to have a more complete description of the compactification of 
the moduli space of smooth Yang-Mills helds in supercritical dimension two 
main questions are left open in this theorem 
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i) What are the special geometric properties satished by the set K ? 

ii) What is the energy defect f{x) ? 

ii) What is the regularity of - modulo gauge - throughout K ? 


In subcritical dimension m < 4, due to the analysis we have exposed 
in the previous sections, we have that K = f = 0 and modulo gauge 
transformation the limiting connection extends to a smooth Yang-Mills 
held over the whole ball. 


In critical 4 dimensions these questions are answered by the point re¬ 
movability theorem [VI.91 : the set K is made of isolated points, the function 
/ is the sum of the Yang-Mills energies of Yang-Mills helds over (see 
lRi3j ) and, modulo gauge transformation the limiting connection extends 
to a smooth Yang-Mills held over the whole ball. 


In super-critical dimension it is expected that K with the multiplicity 
/ dehnes a a so called stationary varifold (see |SI])- This belief comes from 
the fact that smooth Yang-Mills helds satisfy the stationarity condition 
(IVIII.3P and it is expected that this condition should still be satished by 
the weak limit itself, and hence, due to the Radon measure convergence 
(IVIII.ip , it would be ’’transfered” to the measure / This last 

fact is equivalent to the stationarity of {K^ /). 


Regarding the regularity of A°° a result of T.Tao and G.Tian jTT] 
asserts that A°^ is a smooth Yang-Mills connection of a smooth bundle 
dehned away of a closed subset L C K satisfying = 0. This par¬ 

tial regularity result is probably not optimal but this optimality or non- 
optimality is an open problem (a similar open question exists for stationary 
harmonic maps - see |RSj ) 


VIII.3 The ri—anti-self-dual instantons. 

In 4 dimension a special class of solutions to the Yang-Mills equation, the 
anti-self-dual instantons have been considered by S.Donaldson in the early 
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80’s to produce invariants of differential 4 dimensional manifolds. On a 4- 
dmensionnal riemannian manifold for some given SU{n)—bundle 

over M'^ we consider connections A solutions to the equation 


*h Fa = -Fa 


(VIII.IO) 


This equation is issued from an elliptic complex (see |DK] ) and is the 


natural generalization in 4 dimension of the flat connection equation Fa = 0 
on riemann surfaces considered to classify holomorphic complex structures 
over such a surface. It defines special solutions to Yang-Mills equation. 
Indeed taking the covariant exterior derivative with respect to M, using 
the Bianchi identity (IaFa = 0 one obtains (F^Fa = 0. The anti-self-dual 
equation (IVIII.IOI) is generalized in higher dimension 


Fa = - ^ A Fa 


(VIII.ll) 


where is a closed m — 4 form. Again, due to Bianchi identity^ by taking 
the covariant exterior derivative with respect to the connection A, using 
Leibnitz identity on 1-derivations and the fact that Q is closed, we obtain 
the Yang-Mills equation d*^FA = 0. The anti-self-dual equation is 
not elliptic in general. There are however special situations of geometric 
interest when the base manifold has a restricted holonomy. 

• Hermitian Yang-Mills fields. 

Let h) be an even dimensional riemannian manifold. We assume 

that is equipped with an integrable complex structure Jm - i-e. the 
brackets operation leaves the space of 1 — 0 vector helds oiTM®Ll invariant 


V A, y vector fields J [X - i J X,Y - i JY] = i[X - i J X,Y - i JY] 

Finally we assume that Jai) is Kahler : cj(-, •) := g{-,JM-) is a 

closed 2-form. It dehnes a non degenerate 2-form and ijM jmX = dvolg. Let 

Consider an hermitian vector bundle E associated to a principal SU{n) 
bundle over M"* with projection map tt : A —> A connection V is 
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anti self-dual if and only if it satisfies the Hermitian Yang-Mills equations 


A -Fy 

where Fy^ (resp. Fy ^ ) is the 0 — 2 (resp. 
space T*M <S>C is decomposed according to the eigen-spaces of Jm for the 
eigenvalues i and —i) so the Hermitian Yang-Mills equation 

' = 0 ^ V Y, y Fv(Y - iJX, Y - iJY) = 0 

/ m m 

CJ ■ Fy’^ = 0 yA ^(Fv)e,,je; = 0 where w = ^ A Je/ 

^ 1=1 1=1 

and £/ denotes an orthonormal basis of (F*M^™, h). 

The Hermitian Yang-Mills equation can be interpreted as follows. The 
equivariant horizontal distribution of plane H associated to V defines an 
almost complex structure Jy on F in the following way 

ve e £ VX e T(E MX) -.= Je{X'') + {J„{w,X))” 

we recall that X^ is the projection onto the tangent vertical space (the 
kernel of the projection tt*) with respect to the horizontal plane F, and Je 
is the complex structure on the tangent vertical space defined by the SU (n) 
structure group of the bundle. The first part of the equation Hermitian 
Yang-Mills can be reformulated as follows 

V Y, y vector fields in y) = 0 

Jv [(X - iJm X)", (y - iJm X)"] = 1 [{X - iJm X)", (y - iJm y)"] 

which is equivalent to say that Jy is integrable and that the hermitian 
bundle is holomorphic. 

If Y is a sw(n)—valued 1-form representing V in an orthonormal trivi- 
alization, this integrability condition implies, by switching to a local holo¬ 
morphic trivialization, that there is a gauge change g (non-unitary anymore 


F®’^ = 0 

iU ■ Fy’^ = 0 


1 — 1) part of the curvature (the 
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but taking values into G/(n, C)) such that locally 

g~^dg + g~^A^’^g = ( 74 ^)®’^ = 0 

and the 0 — 1 part of the connection V in this holomorphic trivialization 
coincide with d. Since A is taking values into su(n), we have that A^^^ = 
—^404 . Thus we obtain the fact that 


{A^y = h-^dh 


-1 


where h := g^ g is taking values into invertible self-dual matrices. So the 


so called ’’Einstein part” of the elation uj ■ = 0 becomes equivalent 

to the non-linear elliptic equation 


10 


UJ ■ d[h ^ dh] = 0 


• SU{4:) — instantons in Calaby-Yau 4-folds. 

In high energy physics and later in geometry (see the PhD thesis of 


C.Lewis , [ iDTj . [ jTi] ) the following generalization of instantons has been in¬ 


troduced. Consider an SU{n) principal bundle P over (M^, g) a Calahi-Yau 
manz/o/d of complex dimension 4 - i.e. (M^, has holonomy S'C(4). Such a 
manifold posses an integrable complex structure Jm for which Jm) 

is Kahler and it posses in addition a global holomorphic 4 — 0 form 9 of unit 
norm - unique modulo unit complex number multiplication - and satisfying 


— UJ 

e^e = - 


The 4—form D dehned by 


UJ 




is closed, parallel and of unit co-mass ( see [TIj lemma 4.4.1) : V x G M 


1 = ||Dmx) = sup 


< D, ui A M2 A M3 A M4 > 


nil !<*., 


Ui G TxM \ {0} 


Recall that in a Kahler manifold uj ■ dd = A 
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The holomorphic 4 — 0 form 9 defines an isometry of the space of 0 — 2 
forms on such that 


V a , /3 e a A ^0(3 = a ■ (3 9 

Some basic computation gives the the il—anti self dual equation in this 
case is equivalent to 


*-Fv = — n A TV 




(1 + * 0 ) 


U ■ Fy ^ = 0 


0,2 _ 


0 


which is also known as the SU (4) instanton equation. 


VIII.4 Tian’s regularity conjecture on fl—anti-self-dual instan- 
tons. 


Tian’s result in the case of anti-self dual instantons for a closed m — 
4—form n of co-mass less than 1 is the following. 

Theorem VIII.7. Let be a compact riemannian manifold. Let Ll 

be a smooth m — 4 closed form in M^. Assume Ll has co-mass less than 1 


Il|f2| 




< 1 


where 


|n|*(x) := sup 


< n, A • • • A Wm-4 > 


n 


m—4 
i=l 


Ui\ 


Ui G TxM \ {0} 


Let E be an hermitian vector bundle associated to an SU{n)-bundle over 
M'^ and let be a sequence of smooth SU(n) — connections satisfying the 
Ll anti self dual instantons equation 


= - QAF^k in 


Then, modulo extraction of a subsequence, there exists a m — 4 rectifiable 
closed subset of M'^, K, of finite m — 4 Hausdorff measure, < 
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+ 00 , an hermitian bundle Eq defined over M'^ \ K and a smooth SU{n) 
connection of Eq such that 

= - n AFv- inM^\K (VIII.12) 

moreover 

V Br{xo) C \K 3 a sequence of trivializations s. t. 


A^' —>■ A°° strongly in C\B'^) V/ G N 

where ~ (i + A^' in these trivializations and ~ (i + ^4°° in a trivial- 
ization of Eq over B^. Moreover there exists an integer rectifiable current 
C such that for any smooth m — 4 form (p on M'^ 

I Tr{E^k' A Fyfe/) A(p ^ f Tr{Ey^ A Ey^) A (/9 + Stt^ (7((/7) 

and the current C is calibrated by 

C(fl) = M(C) = sup{C((/?) ; |||(p|*|U-(M-) < 1} 

where M is the mass of the current C. Finally the following convergence 
holds weakly as Radon measures 

\F^k'\l dvolh \F^oo\l dvok + STT^ 0(C) 

where 0(C) is the integer valued function with respect to the restriction 
of the m — 4 Hausdorff measure to K and which is giving the multiplicity 
of the current C at each point. □ 

Observe that no bound is a-priori needed for the Yang-Mills energy of 
the sequence. We have indeed 

YM(V*) = - f Tr(Fyk A ^hFyk) dvoh 



Tr(F’!^k A Fyfc) A Q. 


Since is closed this integral only depends on the cohomology class of the 
other closed form Tr(F^k A F^k) which is the second Chern class of E and 
which is independent of V*. 
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Remark VIII.2. Regarding the limiting bundle Eq, it is important to insist 
on the faet that there is no reason for Eq to extend through K over the whole 
manifold as a smooth bundle. Hence there is a-priori no meaning to 
give to over the whole manifold and therefore the fl—anti-self dual 
equation cannot even hold in a distributional sense throughout 

K if we do not relax the notion of bundle and connections. □ 

An important question directly related to the regularity of the limiting 
conhguration (£'o, C) is the following open problem. 

Open problem. Show that the limiting current C has no boundary : 


dC = 0 


Observe that this open question is equivalent to 

d ifEriyE^joo A = 0 


□ 


This last question should be equivalent to the following 

strong approximation property : Does there exist a sequence of 
smooth At/(n)—connection of smooth hermitian bundles over such 
that 

lim inf [ \V’=°-(Wy\l + \F^^-g-WD^g\ldvok = 0 ? 


If we would know that dC = 0 then C dehnes a calibrated integral 
cycle. The optimal regularity for calibrated or semi-calibrated integral cycles 
of dimension 2 has been proved in |RTj and jBej . Such cycles have at 
most isolated point singularities. More generally, the calibrated condition 
implies that such a cycle is homologically mass minimizing (see IHEI). 


From this later fact, using Almgren regularity result |A1] proved also by 
C.De Lellis and E.Spadaro ( fPSlj . jDS2j and (DS3j ). we would obtain that 
C is the integration along a rectihable set which is a smooth dimension 
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m — 4 sub-manifold away from a co-dimension 2 singular set with smooth 
integer multiplicity away from that set. This result is optimal : integration 
along holomorphic curves in CP” is a calibrated integral cycle for the 
Fubini Study Kahler form and can have isolated singularities which are of 
co-dimension 2 within the curve. 

In his paper Tian made the following conjecture. 

Tian regularity conjecture Let (Pq, V°°) he the weak limit of smooth 
Ll-anti-self dual instantons on a bundle E. Then the limiting bundle Eq 
and the limiting connections extend to smooth bundle, resp. smooth 
connection, away from a closed co-dimension 6 set L in M'^. □. 

There is one case which has been completely settled and where the 
conjecture has been proved. This is the case of Hermitian Yang-Mills 
holds. In that case the currents dehned by 



TviyE-^jk A E-sjk^ A ip 


is a (m — 2) — (m — 2) positive cycle (i.e. calibrated by uj^ ^/(m 
This condition is of course preserved at the limit and then 


- 2 )!), 



Tr{E^oo A Pv°o) A (p + Stt^ C{p) 


is also a (m — 2) — (m — 2) positive cycle (i.e. calibrated by j (m — 2)! 
The points of non zero density correspond to the support of C and using an 
important result by Y.T. Siu |Siuj we obtain that C is the integration along 
an holomorphic sub-variety of complex co-dimension 2. Using now a result 
by S.Bando and Y.T.Siu |BSj we obtain that Pq extends to an analytic 
rehexive sheaf over the whole it is then locally free (i.e. it realizes 
a smooth bundle) away from a closed complex co-dimension 3 subset of 
which is included in K (see for instance jK]). They also prove a point 
removability asserting that dehnes a smooth connection on the part 
where the sheaf is free which proves the Tian regularity conjecture in the 
special case of Hermitian Yang-Mills holds. 











VII1.5 The space of weak connections. 


As we saw in the previous section, in dimension larger than 4, ’’bundles 
with singularities” arise naturally as ’’carriers” of limits of smooth Yang- 
Mills helds with uniformly bounded energy over smooth bundles. If now we 
remove the assumption to be Yang-Mills and just follow sequences of con¬ 
nections with uniformly bounded Yang-Mills energy over smooth bundles 
we have seen in the beginning of this section that the limiting carrying bun¬ 
dle can have twists everywhere on the base ! Similarly, taking a sequence 
of closed sub-manifolds with uniformly bounded volume the limit ’’escape” 
from the space of smooth sub-manifold and can be singular. The main 
achievement of the work of Federer and Fleming has been to introduce 
a class of objects, the integral cycles which complete the space of closed 
sub-manifold with uniformly bounded volume and which was suitable to 
solve the Plateau problem in a general framework. The purpose of the work 
PR3j is to define a class of weak bundles and weak connections satisfying a 
closure property under uniformly bounded Yang-Mills energy and suitable 
to solve the Yang-Mills Plateau problem. 

We introduce the following stratified dehnition. 


Definition VIII.2. Let G be a compact Lie group and (M"^, h) a compact 
riemanian manifold. Form < 4 the space of weak connections Ag{M'^) is 
defined to coincide with the space of Sobolev connections defined by 

( A G ; Jm™ \dA + A A A|^ dvolh < +oo 

:= < 

locally 3 ge s.t. e 


For m > 4 we define the space of weak connections Ag{M'^) to be 

( A E Q) ; Jj^m \dA + A A A|| dvolh < Too I 

A{M^) := } 

V p G for a.e. r > 0 G Ag(5-B™(p)) J 

where Bf'{p) denotes the geodesic ball of center p and radius r > 0 and 
pQB (p)A is the restriction of the 1-form A on the boundary of Bf'{p). □ 
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As an illustration of this space, It is not difficult to check that the 
limiting connections from Tian’s closure theorem are in Ag- We have 
the following result which justihes the previous dehnition. 

Theorem VIII.8. The space Ag{B^) is weakly sequentially closed bellow 
any Yang-Mills energy level. Precisely, let G Ag{B^) such that 


limsup [ IdA’^ + A dx^ < +oo 
k^+oo J 

then there exists a subsequence k' and A°° G Ag{B^) such that 
d{A^\ A^) := inf [ |A^' - {A^y\^ dx^ 0 


□ 


We conjecture in |PR3j that this result extends to dimension m > 6. A 
proof of theorem IVIII.8I is given in [ lPR,3j and is using the following strong 
approximation theorem whose proof is rather technical. 


Theorem VIII.9. Let A G AciB^ then there exists A^ which are the 
connection Q 1-forms on B^ associated to smooth connections of a sequence 
of smooth bundles over B^ minus finitely many points such that 


lim inf 

A:^+oo 


/ \A-(A'=y\l+\FA-g-X^,g\Ux^ = 0 

J 


□ 


These two last results can be seen as a non-abelian version of the fol¬ 
lowing weak sequential closure, respectively strong approximation, results 
proved in [ IPRl] . 


Theorem VIII.10. Letp > 1 and let be a sequence of two forms in 
B^ such that 

p E B^ for a.e. Br{p) E B^ / G 27rZ . 

JdBr (p) 
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Assume Fk F^o weakly in then 


\f p E for a.e. Br{p) C B^ 



e27tZ 


□ 


The strong approximation result says the following. 


Theorem VIII.ll. Let p > 1 and let F be an two forms in B^ such 
that 

\/ p E B^ for a.e. Br{p) E B^ / F e27tZ . 

J dBr{p) 

then there exists a sequence of smooth connections of a sequence of 
smooth U{1) bundles over B^ minus finitely many points such that 


lim f \FAk - F\P dx^ = 0 
A:—>-+00 y ^3 


□ 


VIII.6 The resolution of the Yang-Mills Plateau problem in 5 
dimensions. 


In order to solve the Yang-Mills Plateau problem in the 5-dimensional ball 
5^, we introduce a sub-space of Asu{n){B^) of weak connections admitting 
a trace. 

Let ?7 be a weak connection 1-form of Ag{S'^) we denote by 
the subspace of Asu{n){B^) made of weak connection 1-forms A such that 


lim inf 


D*A — g ^ dg — g ^ggl^dvols^ 


-i„ 


where D*A is the pull-back on ~ dilf(O) of the restriction of A to 
dB^{0) by the dilation of ratio r. It is proved in |PR3] that for any g E Ac 


the space Aq is weakly sequentially closed under any Yang-Mills energy 
level. Hence we have the following theorem. 
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Theorem VIII. 12. [Existence for YM minimizers] Let G be a eom- 
paet Lie group and let rj be an arbitrary Sobolev eonneetion one form in 
then the folowing minimization problem is aehieved 


inf 



\dA + ALA\^ dx^ ; A ^ 



(VIII. 13) 
□ 


Solutions to this minimization problem will be called solutions to the 
Plateau problem for the boundary connection rj. 

Once the existence of the minimizer is established it is legitimate to ask 
about the regularity for these solutions to the Yang-Mills Plateau problem. 
Before to give the optimal regularity we give an intermediate result which 
holds in the general class of stationary Yang-Mills in the space of weak 
eonneetions Ag{B^)- 


Theorem VIII. 13. [e— regularity for weak stationary YM fields in 

5D] Let G be a eompaet Lie group, there exists sg > 0 sueh that for any 
weak eonneetion 1-forms A in Ag{B^) satisfying weakly the Yang-Mills 
equation 

(FFa + [A,^Fa\ =0 m I?'(Bf(0)). 

assume also that it satisfies the stationarity eondition 


\f X e G^{B\R^) 





= 0 

i=0 


where "Yt is the flow of X, and the small energy eondition 



\Fa\^ dx^ < Eg 


then there exists a gauge g G G) in whieh the following esti¬ 

mates hold : for any I G N there exists Gi > 0 sueh that 


V'GfllW^(0)) < Q f 

JbUO) 

□ 
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This theorem is a consequence the monotonicity formula deduced from 
the stationarity condition and a weak version of the Coulomb gauge extrac¬ 
tion theorem IVIII.3I which generalizes the work of T.Tao- G.Tian jTT) for 
admissible connections or the work of Y.Meyer and the author [ IMR,] for 
approximable connections to the general framework of weak connections in 
AoiB--"). 


With the e—regularity result at hand, using a Luckhaus lemma together 
with a Federer dimension reduction method following the proof of the reg¬ 
ularity result of R.Schoen and K.Uhlenbeck for minimizing harmonic map 
ISUl] we obtain the following theorem. 


Theorem VIII. 14. [Regularity for minimizers of the Yang-Mills 
Plateau problem.] Let G be a compact Lie group, and let rj be the con¬ 
nection 1-form associated to a smooth connection of some G—bundle over 
dB^ then the minimizers of the Yang-Mills Plateau problem ( 1V7//. i.T are 
smooth connections of a smooth bundle defined on minus finitely many 
points. □ 


It is proved in |PR3j that the theorem is optimal in the sense that there 
exists a smooth sm(2)— valued 1-form g - dehning then a connection of the 
trivial bundle over - such that any solution to the Plateau problem 
(IVIII.13P has isolated singularities. 
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